To referees:

Many thanks for your comments and suggestions onpaper. | have incorporated with the
comments and suggestions in the following revisersion. For the convenient reading, all revised
parts have been blue-colored in the text, and th&ire numbers and revised contents are specified
below:

1. The works of Luce, Edwards, Galanter, Pliner, Breaty Parker, Schneider, Siegler, Opfer,
Dehaene, lIzard, Spelke, and Pica are cited in theaper. They appear on
1) p.4, Galanter1962, 1990 are cited;
2) p.5, Galanter 1962, 1990, Galanter and Plingd1%alanter et al. 1977, Breaut 1983, Parker
and Schneider 1988 are cited,;
3) p.6, Luce and Edwards 1958 is cited;
4) p.12, The scaling technique used in Galanteosks/(1962, 1990) is compared with the double
estimate;
5) p.15, Luce, 2010 is cited;
6) p.16, Galanter 1962, 1990, Galanter and Pliggd 1 Galanter et al. 1977, Breaut 1983, Parker
and Schneider 1988 are cited as supporting evidence
7) p.19, the psychophysical numeric scaling studieSiegler and Opfer 2003, Dehaene, Izard,
Spelke, and Pica, 2008 are compared with theyusiialing results in this paper;
8) p.20, Galanter 1962, 1990, Galanter and Pliggd1Galanter et al. 1977, Breaut 1983, Parker
and Schneider 1988 are cited as supporting evidence

2. Professor Luce commented that “the logarithmicdw should be generally suitable for utility
scaling” is an overly large claim. | agree this coment. To correct my inadequate wording in the
original paper, a note for the limitation of the Iagarithmic law for utility measures is added on
p.10: The logarithmic law should be suitable for thiitytscaling in the case with a judgment pattern
similar to bargaining behaviors in an ultimatum gamm Part 1.3.2, this case will be clearly defimed
“single estimate”.

3. p.10 and p.11, a note dj; being a constant ratio in Klein-Rubin utility function.

4. p.12 and P.13, a note for the difference of caeries between utility measures and
psychophysical measures.

5. Some questions addressed in Professor Luce’s cepare replied here, they do not appear in
the text of the revised paper:

1) This paper is an economics study, it only inesipsychophysical research paradigm as a
methodological tool, and is unnecessary to disalksletails of the contents in psychophysics,
especially of those only relevant to physical stinbut not economic behaviors. It is the ultimatum
game experiment, but not the psychophysics durdiyc2ntury, to provide the evidence sporting the
Weber fraction in economic judgments. In its metilodical path for deriving the utility logarithmic
law from Bernoulli's hypothesis, the emphasizednpds that JND is unnecessary (see the first
paragraph just below the title of Part 1.1 on pI8iis is just also the methodological gist preserite
Luce and Edwards, 1958. In my original paper, saamethodological path was cited from Masin,



Zudini, and Antonelli, 2009, which contains a diranalysis on Bernoulli’'s hypothesis, and now ia th
revised version also from Luce and Edwards, 1968 (s6).

2) This paper is not a Fechnerian psychophysidatpnetation for utility measures, and involves
analyses on Fechner’s logarithmic law, Stevens’grolaw, and the more foundational category of
judgment types in utility measures. One of the tusions in this paper is that the logarithmic leaw i
suitable for the description of commodity choicel dhe power law for risk choice. The first page of
my paper mentions “Kahneman and Tversky’s powectian for money-risk utility estimation”, and
from Part 1.3.2 (on p.12) to the last section,egithe theoretical analysis or the experimentalyaisa
always concentrates on the difference of singled awouble-estimate utilities, which deliver
logarithmic and power laws for utility judgmentsspectively. All those are not Fechnerian. Another
conclusion in this paper is that the category fraork for single- and double-estimates, which has
never been discussed in psychophysics, offers acaggory way to discriminate the different uti
for commodity choice and risk choice. This is ofigh@ new results in the paper, neither Fechnerian
nor Stevensian but a new framework. The traditimaégories in psychophysics are inappropriate for
this paper.

3) The English of this revised version had beeteddby a professional language editing service.
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Introduction

The paper seeks to achieve four goals: (i) reveakspondences between sensation threshold in
psychophysics and responder’s acceptance thregindle ultimatum game; (ii) experimentally and
mathematically verify that utility is an observalgsychological magnitude that agrees with the form
of sensation scales in psychophysics; (iii) dethee quantitative attributes of commaodity choice and
risk choice; and (iv) present an experimental ptloce to test the utility maximization hypothesis.

The first highlight of this paper is the shape &fity function. It is based on other researchers’
earlier studies from three aspects: Bernoulli'sivdgion for the logarithmic function of utility
(Bernoulli, 1738), Kahneman and Tversky's powerction for money-risk utility estimation proposed
in their experimental analysis on the cumulativespect theory (Kahneman and Tversky, 1992) and
Galanter’s power law revealed in his utility measur(Galanter, 1962, 1990), and Ekmen’s
mathematical inference of deriving the power laanirthe logarithmic law in psychophysics (Ekmen,
1964).

To deal with the St. Petersburg paradox in a garféle see Stigler, 1950), Swiss mathematician
D. Bernoulli assumed in 1738 that the increase ra' subjective economic utilitgU is directly
proportional to the increment of wealtlx and inversely proportional to one’s whole wealthor
dU=kdx/x By integrating on both sides, he derived a ldbaric law U=kinx+C for the utility
(Bernoulli, 1738). More than one hundred yearsJdbés result agreed with Fechner’s logarithmiw la
for the sensory response of physical stimulus. Wés once regarded as an evidence of utility
judgment to be a kind of psychophysical responsemtany researchers including Marshall and
Fechner (Stigler, 1950). Evidently, Bernoulli's akaderivation foundation is incomplete. To support
his hypothesis, an empirical Weber fractitix in utility judgment is required. It can only besodved
by empirical or experimental studies. Bernoulli diot continue and get to finish the empirical asily
for his hypothesis.

Differing from the suggestion of Bernoulli’s logémnic function, Kahneman and Tversky in their
experimental analysis for the cumulative prospéeoty found that it is appropriate if a power
function is used to describe subjects’ money-ridityiestimating data (Kahneman and Tversky, 1992)
Also, in the framework of Stevens’ magnitude estioraapproach, Galanter proposed the power law
in his utility measurements (e.g, Galanter, 196290). However, in systematic economics, those
experimental results did not reveal a logical gadking to the core zone of utility theory, suchtlzes
utility maximization and its applied models in eoometrics, the operational definition of utility
concept, and etc., therefore attracted not so natitemtions in existing economic literature. It is a
insufficiently explored domain but had appearedigafing clues long ago.

Responding to the debate on the alternatives dirtexés logarithmic law and Stevens’ power law
in psychophysics, Ekmen supposed the logarithmiz t@mmonly applicable in psychophysical
judgments, then theoretically introduced the lafanic descriptions simultaneously into both the
numeric judgment and physical stimulus judgmentStavens’ magnitude estimate approach (e.g.,
Stevens, 1959; Stevens and Guirao, 1963), andyfinhtained a mathematical relation in which the
power law could be derived from the logarithmic Iékmen, 1964). Nevertheless, Ekmen only
discussed his formulations theoretically withouy axperimental test. It left an attractive inspoatto
us rather than a final resolution to the debate.

Although the above three analyses are incompletoaslusive discussions either in theory or in
experiment, they at least give us such an impregbiat there may exist two alternatives for thepgha



of utility functions, one logarithmic and anothever, and following Ekmen'’s analytical path, thetw
alternatives may be logically consistent but natfiicting.

This paper will remedy the defects among the algiudies and integrate them into a logically
consistent description, namely, reveal an experatebasis for Bernoulli's hypothesis, clear
theoretical elements for Kahneman and Tversky’sgydwnction in money-risk utility estimation, and
introduce experimental decomposition to test Eksé&rmulations.

Combining the psychophysics approach with the exdderom the ultimatum game experiment,
Section 1 will reveal an experimental basis forr®edli’'s hypothesis, and will discuss the commodity
choice and risk choice in a new framework of wtilicaling. In this analysis, the ultimatum game
experiment is given a new sense of utility thredhoheasurement, a typical psychophysics
interpretation. In this section, a mathematical destration will identify the logarithmic law witthé
Klein-Rubin utility function (Klein and Rubin, 194 a new experimental scheme, and finish the key
preparation for setting up an experimental procedaoitest the utility maximization hypothesis.

In Section 2, by discriminating two kinds of esttem single estimate and double estimate, in
experimental utility measures, commodity choice &@sl choice will be logically related in a utility
scaling framework, and an experimental test to Ekenformulations will be naturally introduced into
the discussions.

In the other hand, there are two traditional pathtreat the issue of utility measures. One is the
individual utility measure, and another the averatiily measure. The former is usually followed by
researchers who probe the features of utility cphaself, often seen in most experimental studies
(e.g., Fisher, 1892; Mosteller and Nogee, 1951;Gfammon and Toda, 1969; Kahneman and Tversky,
1979; Starmer, 2004), and the latter is usuallyofeéd by those who use econometric models to
describe realistic marketsr psychophysical methods to scaling subjects’ regmraften seen in
applied studies of market empirical data (e.g.,ifKlend Rubin, 1947; Stone, 1954; Liuch, 1973;
Houthakker, 1960; Theil, 1965; Deaton and Muelllbad®80) or psychophysicists’ experimental
studies(e.g., Galanter, 1962, 1990; Galanter and Plin@r41 Galanter et al., 1977; Breaut, 1983;
Parker and Schneider, 1988he two paths separately stretctitireerelatively independent fields of
experimental economic measurements, econometidéestand psychophysical researchared cause
isolation between them.

There were some debates on the average utility unemasThe pioneer of experimental utility
measurement, psychologist Thurstone firstly use@rage utility measure to determine the
experimental indifference curve (Thurstone, 19811}, was criticized by other researchers (e.g., i¢/all
and Friedman, 1942). The criticism seems to costituday. Pooling all individuals’ data and then
fitting the model to the pooled data may be regarde misrepresenting the true utility functions for
individuals. For example, one can approximate wgvdunction by combining exponential functions
of different rates, furthermore, even if the forfitkee utility function is the same for every sulijabe
subjects may differ in parameters. Such a worry payeasonable if one uses an average result to
describe individual judgment. However, if the awgraesult is limited to apply to describing group
behaviors, for example, market empirical data, dbeve worry will be unnecessary. Even if the
individuals’ utilities follow exponential functionsef different rates but the best asymptote forrthei
average result is power function, we should usepthwer function but not the exponential function to
depict the overall effect of all individuals in aarket or an experiment, in which both exponentia a
power functions may be true but respectively fahesi individual or group. In this case, we should
also forbid using an individual utility function tdescribe group behavior. Whether or not a utility



report has economics sense depends on whethesigmis a regular and stable result, as a reguliar an
stable result will contribute a meaningful desdadptin economics.

This paper is an experimental study that followes path of average utility measure, agreeing with
the psychophysics and econometrics paradigms. NanteWwill determine parameters in a utility
function by using averages of subjects’ performannexperiments. Another highlight in this pagser i
Klein-Rubin utility function (Klein and Rubin, 194ased on average measures, which has been
demonstrated in Section 1 as a psychophysical ibmdbr the utility and is given a behavioral
economics sense. This will provide a realizablenfaork to estimate both the econometric model
Linear Expenditure System (Stone, 1954) and thétyutiunction in psychophysical paradigm
simultaneously in a set of experimental data, amthér, to form a new way to experimentally tet th
utility maximization hypothesis, which is so fundamtal and important but has never been tested in
experiments since Gossen proposed it in 1854.

Section 3 summarizes and discusses the findingshi; paper, including an experimental
procedure for testing the utility maximization hyjpesis.

1 Experimental analysis to the utility threshold inultimatum game

1.1 Weber fraction in the ultimatum game

Bernoulli's discussion in 1738 means Fechner’s mpsion of just noticeable difference (JND) as
sensation unit (Fechner, 1860) unnecessary, antiesnpnother mathematical path of deriving the
logarithmic law directly from empirical Weber framt (Masin, Zudini, and Antonelli, 2009From a
deeper analysis, Luce and Edwards also concludggdhh logarithmic law can be derived only from
Weber fraction without JND (Luce and Edwards, 19598)at is, as long as observations of utility
scaling behavior support a Weber fraction, usingnBelli's mathematical derivation, the logarithmic
law will be possibly derived as an empirical law.

In psychophysics, Weber’s law states that in theemate stimulus intensity, the amount of change
needed for the difference threshoM is a constant fractioik of the initially presented physical
stimulus intensityl, that is,Al /=K. Following Weber’s discovery, Fechner related aslesensation
variation AS to K, and obtained a relationship between the subpdensation scalin§ and the
objective stimulus intensity. Fechner’s resultS=cinl+C can also be derived similarly by the
derivations used by Bernoulli (1738), wherandC are two constants.

In a typical ultimatum game experiment (e.g., ségh(1995), there are two players, one plays
proposer and the other responder, to distributstaké” (usually certain amount of money) between
them. Both sides know the money stakeAt first, the proposer controlg And then, the proposer
proposes to the responder an ultimatum divisiorthef stake, in which the proposer offers to the
responder a money amougy cutting out fromqg, and retaingy—q, to himself. Then the responder
determines to accept or reject it. If the resporat®epts, he gairgg, and the proposer gaias-q,. If
the responder rejects, both sides obtain nothisgially for the proportiom/q there is a proportional
rejection threshold),/q. Once the proportional offer is below such a thodd, the responder would
rather probably reject the proposer’s proposaleAfhvestigating the results from sixteen research
groups, Camerer found that half of the proposeisr® were rejected by responders belgyg=0.2
(Camerer, 2003). This proportional rejection thmddhis similar to what the Weber fraction reveas i
psychophysics.

As far as their corresponding relations, componeftthe subjective measure in the ultimatum



game are completely identical to those leadingouderive Fechner’s logarithmic law from sensation
response of physical stimulus. Those componentsdac (i) standard stimulus, compared stimulus,
absolute difference threshold, and they give thdemce to construcAS=cA//; and (ii) a constant
Weber fraction, which supports an integral on beities of AS=cAl A and finally derives the
logarithmic law by Bernoulli's mathematical path.

In one of the difference threshold measurementgfoysical stimulus, a standard stimulug
given, then a compared stimulids presented. The intensity bfs kept constant, while the intensity
of I is adjusted. The difference betwdgmandl is gradually diminished and approaches zero. Aed t
subject is asked to compare the difference betwegeand|. In the adjusting course df, there
statistically is a critical intensity levél#l, at which the subject reports the difference baigip to
vanish between, andl; Al=|l—Il] is the absolute difference threshold, and Wekastibn Al A is
determined too (e.g. see Luce and Krumhansl, 1988).

In an ultimatum game, denote the proposer’s affeas the responder’s rejection threshalelow
which the rate of responders’ rejections will evitlg increase, while, above which will evidently
decreaseln the ultimatum game experiment, a respondenydwiaces to three “stimuli”: (i) money
stakeq; (ii) offer qo; and (iii) the part a proposer retains for himsgtfj,. Here, ing, andg—q, only
one is independent. The responder’s utility est®a@t an ultimatum game are interpreted as follows
A responder’s utility estimate to the offer is amgrehensive result involving various judgments,
including the money amount, unfairness, and solmnthe responder’s utility estimate, df<q,, the
proposer’s retained pagt-q, will be regarded unfair, the responder’s loss framfairness will exceed
his gain fromqg,, the utility is null, and the offer will be rejext; if g,>0,, the proposer’s retained part
g—do will be regarded acceptable, the responder’s ffaim ¢, will exceed his loss from unfairness,
the utility is positive, and the offer will be agted. Comparing with the measurement to difference
threshold of physical stimulug,is a standard stimulug—q, a compared stimulus, awg the absolute
difference threshold. 1§,<q.;, the responder feels no utility difference betweeandq-q, (for the
responder, it is equivalent to proposer occupyilhgr@ney stake). It corresponds to the difference
vanishing betweeh andl in the psychophysical measurement. Reversety>i,, then the responder
feels the difference. It corresponds to a diffeeermetweenl, and | being detected in the
psychophysical measurement. Here, a one-to-oneesfmndence exists between the sensation
threshold in psychophysics and in the respondarig@ance threshold in an ultimatum game. The
above explanation is called “utility scaling integtation” for the ultimatum game experiment.

In fact, Fechner’s logarithmic law in psychophysiepends on the primary relationship

AS= c% .

Let S indicate a responder’s subjective utility estimatethe ultimatum game experiment, then a
similar relationship

AS =cdor
q

holds in the utility scaling interpretation, wheyg identifies with Al. Naturally, the ratio rejection
thresholdq,/q corresponds to Weber fractiaiyl .

The above analogue has revealed the structuradsmwndence betweeg/q and Weber fraction.
The further problem is whether or not such a rgdjfm is stable in a specific ultimatum game. In 1994,
Cameron had worked out an experimental study osithple one-period ultimatum game with raising
stakes (Cameron, 1999), from which we are ablestive a test to the stability of rejection threshat



different monetary levels.

1.2 Examination to Bernoulli’'s hypothesis

Cameron conducted experiments in Indonesia usimlgmdonesia money, the Rupiah, as stakes at
three levels of 5,000, 40,000, and 200,000, abo@f9) 0.6, and 3.0 times the average monthly
expenditure of a participant. This is a maximalrspatween low and high stakes that had been used in
ultimatum game experiments. Three groups of subjes$pectively participated in 5,000-, 40,000-,
and 200,000-experiments. Cameron tested their herm@ty by simple t-tests and no significant
difference was detected among them. Their resaltsbe compared with each other. Only taking into
account unrepeated games, there are three 5,0@0hmemts, one 40,000-experiment, and one
200,000-experiment provided in Cameron’s studythsstatistical test in Cameron’s paper showed no
significant difference among three 5,000-experiraetiteir data will be pooled in this paper. We will
concentrate on the responders’ switching pointsfexceptance to rejection in the ultimatum games
with different stakes. It is sufficient for us tesduss the results of/q below 50%.

Table 1.Data of rejection and offer in Cameron’s experitnen
n = 101 pairs in three 5,000-experiments; n = 36pa 40,000-experiment; n = 37 pairs in 200,08Peximent

Proposer's proportional offer interval (p,/p)

Stake 0-0.09 0.1-0.19 0.2-0.29 0.3-0.39 0.4-0.49 0.5-0.59
5,000 Rejection rate 100% 50% 55% 20% 19% 3%
Number of proposals 4 2 11 5 31 40
40,000 Rejection rate 25% 29% 0% 0%
Number of proposals 4 7 3 20
200,000 Rejection rate 100% 100% 50% 0% 0% 0%
Number of proposals 1 1 2 3 11 16
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Fig. 1. Proportional rejection thresholds of
5,000-experiment and 200,000-experimrnt. There
is little difference between them.

In Cameron’s 5,000- and 200,000-experiments, prengosfferedq,/q from 0% through 50%



stakes; the switching points will be shown in theseeriments directly. In 40,000-experiment,
however, no offers were given by proposers belo% 2fake, and no switching point can be observed
in this case. Hence, only the results of 5,000- 20@,000-experiments can be compared. Cameron’s
experimental data are rearranged in Table 1, wisiakstimated (after discarding invalid data) from
“FIGURESs 1, 2, and 3” in Cameron’s paper (1999)Téble 1, the percentage of responder’s rejections
to proposer’'s proposals is described in six propoal offer intervals “0~0.09”, “0.1~0.197
“0.2~0.29", “0.3~0.39", “0.4~0.49", and “0.5~0.59"Number of proposals” indicates the number of
proposers who propose to responders in a speaifipoptional offer interval; and “Rejection rate”
indicates the percentage of proposer’s offers tefjeby responders in a specific proportional offer
interval. For instance, in the bottom-right in Tabl, “16” indicates sixteen proposers making
proportional offers within the interval 0.5~0.5%daabove “16”, “0%" indicates none of the sixteen
offers being rejected by responders. Results d(,and 200,000-experiments in Table 1 are plotted
in Fig. 1. The rejection threshold is defined tothe value of proportional offer that is rejectecetly

50 percent of the time, similar to that in a Yes-Netection procedure in psychophysics (e.g.
Gescheider, 1976). In Fig. 1, the solid line ddmsi 5,000-experiment, and the dashed line
200,000-experiment. They are the results of liregression on data between proportional offers of
0.5 and 1.0. Fig. 1 shows that the rejection ttokklis 0.245 for 5,000-experiment and 0.25 for
200,000-experiment. They are so close that they lmarviewed as identical. That is, Cameron’s
experiment supports Bernoulli's hypothesis, anddlgarithmic law could exist in the utility scaling

Although the above discussion involves only a sndalla set in its key point and cannot be
regarded as the ultimate evidence, doubtlessfirsit delivers a direct positive proof for Bernawll
hypothesis since 1738. At least, with this proagrulli’s utility logarithmic law represents nonly
purely a theoretical imagination but also an ativagpossible reality. The further conclusion, oficse,
will be determined by a combination with experinsésts in Section 3.

List and Cherry (2000), Slonim and Roth (1998), Rath et al. (1991) also compared frequencies
of responders’ rejection behavior for low and hgjakes in ultimatum games. List and Cherry used
stakes $20 and $400, Slonim and Roth used SlovakiCas stakes at three levels Sk60, Sk300, and
Sk1500, and Roth et al. used $10 and $30 in thistrrbund experiment for Pittsburgh subjects. Thei
first-round tests can be viewed as a simple onmgeunltimatum game, equivalent to Cameron’s
experiment. Also investigating affections from l@amd high stakes in simple one-period ultimatum
games, Straube and Murnighan (1995) used stakes&%100, and Hoffman et al. (1996) $10 and
$100. Their outcomes show only little differentesffs on subjects’ rejection behavior for low anghhi
stakes in the simple one-period ultimatum game. stability of ratio rejection threshold in the sil@p
one-period ultimatum game is a general phenomenon.

In addition, in repeated game studies, List andrgh@000) and Slonim and Roth (1998) found
significant difference between low and high stakesthe rejection threshold of experienced
participants (e.g. in the tenth round). The leagreffect accounts for the behavioral change froen th
simple one-period ultimatum game to repeated uttimagame: an experienced subject understands
how to strategically take more benefit or diminislss from his opponent (Roth, et al., 1991). It
therefore does not deny Bernoulli’'s hypothesis.d#pd games describe strategic manipulations rather
than intuitive performances. To reveal intuitivatigres, studying subjects’ performance in the smpl
one-period cases is more appropriate.

1.3 Discussions on the logarithmic law of utility



To overcome the failure of Weber’s law in very Istimulus intensity, a revised form of Weber’s
fraction Al{l+a)=K was proposed in psychophysics, wharis a constant parameter (38escheider,
1997). Accordingly, the revised Fechner’s law stddug as follows:

S=cIn(l+a)+C. (1)
To tally with the conventions in economics, (1jasvritten as
S=cIn(g+a)+C, (2)

whereq is the economic quantity, amga, andC are constants determined by experiment. Evidently,
compared with the logarithmic law in psychophysit& subjective scalin§ in (2) has a meaning of
intuition scaling of economic quantity It is similar to the sensation scaling of phykgtamulus. As
there is no particular modality for utility judgnterthe word “intuition” is used here to replace
“sensation”. However, whether it is sensation dunition, stimulus—response is their common attebut
The sensation measurement in psychophysics andtifitg scaling in the ultimatum game are
identified in their components and quantitativebgides, and present a similar stimulus-response
pattern that reveals an experimental foundatiorBfemnoulli’'s hypothesisThe logarithmic law should
be suitable for the utility scaling in the casehadt judgment pattern similar to bargaining behaviar
an ultimatum game. In Part 1.3.2, this case wiltlearly defined as “single estimate”.

1.3.1 Utility implication of the logarithmic law

If a logarithmic law exists in the above mentiongdity scaling, does it identify with a utility
function well defined in microeconomics?

In econometrics, Linear Expenditure System (LES}or{8, 1954) and Extended Linear
Expenditure System (ELES) (Liuch, 1973) are twacessful econometric models in empirical studies.
They were mathematically derived by using the KRRinbin utility function in the consumer theory
(e.g., see Liuch, 1973). The Klein-Rubin utilitynfition is

U=>bin(q -r),

where, b, is a ratio constant, which determines the distiibutbf consumption proportions for a
consumer’s consumed commoditiasdr; is a constantoo. Countingg; andr; by the monetary value,
I
b =— 1 i
LY (g )

consumer’s necessary consuming quantity of commadi constant.

, 0<b <1, X¥b =1, g is the consuming quantity of commodity and r; the

Measuring the commodity quantity by its monetarijpgaany commodity quantity, i=1,2,3,..n,
can always be added up to a s@nor Q=> g, . It can be demonstrated mathematically that the

logarithmic law forQ represents a Klein-Rubin utility function. Namely,
cn(Q+a)+C=YhIn(g -1).

It is demonstrated as follows:
Taking differentials on the both sides @ =5 q; ,

dQ=2dq ,

d(Q+a)=2d(q -r)

wherea is a constant and0r; < g is a constant fog;. Identically transform the equation
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Q+a 59 g
—+ad(Q+a) > _rid(Q. ),

Q i
(Q+adIn(Q+a)=> (g —r)dIn(g; —1;). 3)
Set %=A , then 3 (q, -r,) =A(Q+a). Denote b, = Z?iq:‘riri) = /](zb_:ia) , which
naturally satisfies 8b;<1 and > b =1. (3) is rewritten
_ Qi —Ti Y= .,
dIn(Q+a) —x@md In(q —1;) =AX bdIn(g; —r;) . 4)

When LES and ELES are derived from Lagrange’'s nmithpis assumed as a constant ratio
independent frong; (e.g. see Intriligator, 1980}hus, independent froo—;, and further from Irgf—;).
Integrating on both sides in (4) under the condittuitable for the derivations of LES and ELES,
finally get

%In(Q+a)+C=Zbi In(g; —1;),

cIn(Q+a)+C=¥b In(g -r,), ©®)

wherec=1/A. Givenb; is a constant ratio as mentioned abadyvis, thereby a constant, and further
constant too.

In (5), the left-hand side is the logarithmic laer 3, and the right-hand side is a Klein-Rubin
utility function. cin(Q+a)+C, the logarithmic law forQ=>q; , is a Klein-Rubin utility function.
Furthermore, measuring an economic quantity byndgetary value, an economic quantity can always
theoretically be decomposed into parts g, i = 1,2,3;:-,n. We are always able to construct
Q=> ¢ for any economic quantity theoretically, and thesieke (5) for them. This means that the
intuitive scaling value for an economic quantifyjtiholds as a logarithmic law, always represemts
Klein-Rubin utility function. Experiments indeed @pve the utility scaling value to hold as the
logarithmic law (see Section 2, later). It is thfere concluded that such a logarithmic law obtained
from psychophysical paradigm is of a utility deption in economics. The Klein-Rubin utility
function implies the relationship between subjextand objective commodity quantities. In other
words, the essence of utility maximization in LEBdaELES is the maximization of subjective
commodity quantities. Revealing the relationshipween subjective and objective quantities is just
the basic task of psychophysics. Psychophysicadigm will play an important role in economic
analyses.

In the above demonstration, no special restrickomade to the type aj. The demonstration
holds for all economic quantities provided they adlitive. Therefore, it is generally suitable for
money amount, commodity quantity, risk degree, smadn.

We now interpret the Klein-Rubin utility functionlearly from the viewpoints of behavioral
economics and the utility scaling interpretatiam:this utility function, ¢—r;) indicates the measures
for economic quantitieg; relative to the reference point(in LES and ELESY; is interpreted as the
base consumption share to maintain one’s life), i In(g; —r;) is a linear combination of utility
scaling values (logarithmic laws) for economic ditsirg; compared ta;.

A subjective scaling value of economic quantitgénerally a utility value, and evidently, it is the
cardinal utility. An ultimatum game experiment issentially to measure the intuition threshold of
utility.
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There are two parallel processes of a respondgugions in an ultimatum game experiment. One
is the objective observation of the number thds tile responder the objective amounts of money, an
another, the subjective utility scaling that tefle responder the subjective utility obtained from
proposer’s offers. Wheq, is belowq,,, the former is still bigger than null but the &ttdiminishes to
nothing. The utility scaling interpretation suitsetlatter. The responder’s rejection behavior & th
ultimatum game is a behavioral presentation ofutilgy scaling. Two independent processes are not
mutually exclusive. The noticeable difference betweg and g—-q, in objective observation of the
number does not affect the vanishing of differebetwveenqg andg—q, in utility scaling below the
absolute difference threshold,,.. As the two processes are always mixed togethm, utility
implication of a responder’s intuition scaling ofoney amounts in an ultimatum game might be
ignored for too long a time.

1.3.2 Single estimate and double estimate

The above demonstration relies dp=> g, . This relation as a perceptible object means that
subjects clearly know the sizes@fandg; and only the utility is required to estimate. itlwe called
“single estimate” below. Therefore, the demongrattontains that the logarithmic law as a utility
function applies to the single estimate. Commodiigice is usually a single estimafend typically,
the bargaining judgment in an ultimatum game imgls estimate too.

If the meaningful sizes d@ andgq; are not informed to subjects, both quantity anlityiheed to
be estimated. It will be called “double estimat@’the cases involving risk decision, one only |lugs
performs through the double estimate. For exangplénd of Allais’ paradox used in Kahneman and
Tversky's experiment is presented as the followikghneman and Tversky, 1979):

PROBLEM 1: Choose between
A: 4000 with probability 0.80, or BO0O with certainty.
PROBLEM 2: Choose between
C: 4000 with probability 0.20, or 8000 with probability 0.25.
Similar choices were also used in Kahneman andsky&r experiment conducted for the cumulative

prospect theory (Kahneman and Tversky, 19925 a money-risk estimate. Money-risk estimate is
always a double estimate for the following reasdn<Clearly telling subjects the probability ofiakr

is unlikely to change their intuitive assessmeno ithe precise quantitative calculation for an éssu
such as assessing worth of a risk, that is, itilisobjectively un-meaningful for estimating a qudy;
and 2) there usually is no objective standard aketgprice for a risk in a trifling item such asisk of
losing a chance to get 3000. In this case, onethasstimate subjective utilities of two factors
simultaneously.

The utility scaling technique used by Galanter lsoaa double estimate. In an experiment,
Galanter (1962) asked student subjects to repmdraey amount matching to a double happiness that a
gift of $10, $100, or $1,000 would bring them, adefived a power function from his experimental
data. Evidently, asking subjects to judge “a doub&éppiness” could not change their intuitive
assessment into the precise quantitative calcalatiod there certainly was no objective standard of
market price for the students’ happiness of a @iftg thus, Galanter's measure is a typical double
estimate too. Other double estimates used by Galamtlude scaling the pleasure (displeasure) for
“you are given a brand-new bicycle” (*your brandanbicycle is stolen”), “how much money would
you have to lose to make you exactly twice as upsdébsing $5?"and so on (Galanter, 1990).

Kahneman and Tversky proposed the power law forapoisk estimate (Kahneman and Tversky,
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1992),and Galanter also proposed the power law for tlwealmentioned monetary and nonmonetary
utility measures (Galanter, 1962, 199) the light of the above analysis, the doublereste should
follow the power law. The next section will answ#ris question from both theoretical and
experimental analyses.

In psychophysics, the logarithmic law and power ke derived respectively from the partition
estimate and ratio estimate. In utility measureg hihe category is different. They are singlenesate
and double estimate. And evidently, the categorgionfle and double estimates is discriminated by
constructable measurement factors, and contairstential experimental decomposition for directly
testing Ekmen relations (Ekmen, 1964). By the wiag, categories of single and double estimates are
also applicable to the psychophysical scaling oysjglal stimuli (see p.19 of Supplemental Files).

2 Experimental tests of single- and double-estimatdtilities

After a pilot study (see Part 1 in Supplementak$)il 192 graduate student volunteers were
recruited from Jinan University as subjects pagptiting in experiments. Five simple experiments and
one Latin square experiment (see Bailey, 1996) wareied out among those subjects. The Latin
square experiment is usually used to reduce offtkrte revealed in simple experimental measures so
that high-quality regression curves could be olatzin

Five simple experiments (with 80 subjects) testeel differences between subjects with and
without economics-study backgrounds. They foundigaificant difference between the two types of
subjects in their experimental performances, nangigjects’ behaviors observed in valid data have
no reliance on the specialized knowledge in econsniihese results and other interested outcomes of
the five simple experiments are presented in Partsof Supplemental Files. To save the pages, the
coming text mainly discusses the Latin square ewpert, briefly L-experiment, in detail. Detailed
Latin square designs are presented in Part 5 gfl8oental Files.

2.1 Methods
2.1.1 Participants

The L-experiment requires 60 subjects who delivemglete valid data in all measures. The
subjects were divided into three groups, labeleau@s I~IIl, and each group contains five subgroups,
labeled Subgroups i~v. Some subjects were borezkpgrimental measures and their measures had to
be stopped midway and were therefore incompleterellwere totally 112 subjects (ages 22~25,
majored in management or economics) randomly sletct enter the L-experiment, and 52 subjects
failed to deliver complete valid data. In the fimadperimental results, each of Groups I~IIl corgdin
20 valid subjects. Every subgroup had 4 subjectdqr®, female 2). Experimental tests to single- and
double-estimate utilities were performed by cuiitetb the averages of the 60 valid subjects’ data.
attract subjects, all participants were providdrea banquet or paid.

2.1.2 Measures

The test for every group consisted of three measenés, which investigated subjects’ utility
estimates respectively under three laboratory d¢mmdi of “quantity-price double estimate”, “quamtit
single estimate”, and “price single estimate”.

Under the condition of quantity-price double estiedabeled Meas. 1, the subjects experienced a

sequence of consumptions, in which consuming qiesitivere unknown to them, and the prices were
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without existing recognized standards in practicerkets. Subjects were asked to report money
amounts they were willing to pay by estimating tbensuming quantities through subjective
assessments. This condition makes the utility sgadimilar to one of Stevens’ magnitude estimates i
psychophysics, called cross-modality matching, abti estimate between the sensation scalings, for
example, of handgrip and other physical stimulirsas loudness, brightness, visual length, vibration
electric shock, and so on (e.g., Stevens, 1959e8sand Guirao, 1963).

Under the condition of quantity single estimatédheled Meas. 2, money amounts were clearly
assigned to subjects for their consumption, anyg tere asked to estimate consuming quantities they
think “should be” to match the money amounts.

Under the condition of price single estimate, ladeMeas. 3, subjects were clearly told about
guantities consumed and asked to estimate thesphiey were willing to pay.

Meas. 2 and 3 are decompositions from Meas. 1.

Electrical-power massage was used as consumptitheiaxperiment. It was conducted through a
portable electrical-power massage machine, which handy for the experimenter to control. The
duration of the electrical-power massage is thesgoring quantity and the money a subject is willing
to pay for such duration is the price chosen. Sachexact length of time is easily treated to be
unknown to the subject. And, very importantly, tiite in China, it is quite seldom to see commeércia
services of electrical-power massage, and the &ismf electrical-power massage has no recognized
standard market price. These satisfy the conditieasiired by the measurement of double-estimate
utility. In the experiments, the subjects were ragjuired to pay their estimates. It was a hypothéti
test.

Taking Subgroup i of Group | as an example, Mea2, and 3 were specified as follows:

Meas. 1 A subject was given five stimuli of the massagetioe waist of durations 8, 16, 24, 32,
and 40 seconds, sequentially; the subject wasmnfotmed about durations of the stimuli. After one
stimulus was completely presented, the subjectimvasediately asked to report orally a money mount
he was willing to pay for the stimulus just expaded, and so on for next stimulus. When all five
stimuli were given and five money amounts were rieggh Meas. 1 concluded. With the same subject,
the experiment proceeded to Meas. 2.

Meas. 2 The experimenter posed the following questiorhi® subject: If you are asked to pay
¥1.0, what is duration of the massage you will dedfaThe experimenter began the massage on the
subject’s waist. The subject estimated the time tfe@ money amount ¥1.0 and said an “OK”
immediately when he felt that an appropriate lergjttime had passed. The experimenter recorded the
time with a stopwatch. And so on for ¥2.0, ¥3.0,0¥4nd ¥5.0 sequentially. When all five durations
were reported, Meas. 2 concluded. With the samgsulthe experiment proceeded to Meas. 3.

Meas. 3 The experimenter posed the following questiontie subject: If you are given an
electrical-power massage for 8 seconds, how multlya be willing to pay? The experimenter began
the massage on the subject’s waist for 8 secondsdaaint him with such a time. After the subject
reported on an answer sheet and the experimentectedl the answer sheet, the experimenter posed
the second question to the subject: If you arergiae electrical-power massage for 16 seconds, how
much will you be willing to pay? And the subjecpogted on another answer sheet. If the subject
asked, 16 seconds of the massage could be expadidnc him (in fact, no subject did so in the
experiments). And so on until 24, 32, and 40 sesamele presented to the subject. Finally, the stibje
reported five money amounts respectively for 8, 24, 32, and 40 seconds on five separate answer
sheets. Meas. 1, 2, and 3 all concluded.
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Massage durations and money amounts assignedxpériment are shown in Table 2.

Table 2. Stimulus levels of Meas. 1~3

Meas. 1 8" 16" 24" 32" 40"
Meas. 2 ¥1.0 ¥2.0 ¥3.0 ¥4.0 ¥5.0
Meas. 3 8" 16" 24" 32" 40"

There are two kinds of order effects taken intooaot in Latin square designs. The first is the
order effect between Meas. 1~3, and the secondsleetfive stimuli assigned in each of Meas. 1~3.

Meas. 1~3 were carried on sequentially one by nraniindependent room and spent about 10~15
minutes in total for a subject’s complete progr&mring every measurement, only one subject was
allowed into the room.

2.2 Ekman relations between single and double estates
Meas. 2 and 3 are single estimate. They followldgarithmic lawS = cIn(g+a) + C. Thus, for
Meas. 2,

S =ciln(m+ay) +Cy; (6)
and for Meas. 3,
S =ciln(q + ag) + Cs; @)

where, S, denotes the utility scaling value of money meagurg consuming quantity (the massage
time), m the money amount assigned in MeasS2denotes the utility scaling value of consuming
guantity (the massage time) measured by money anquhe duration of the massage assigned in
Meas. 3. In the coordinate with horizontal scalenwssage duration and vertical scale of money
amount, (6) presents a convex curve for Meas. 2(@ph@ concave curve for Meas. Bhey will be
tested by the experiments (see Part 2.3 hgse expected concave and convex changes aréedesul
from replacements between informed factors andnes#id factors.

It has been extensively accepted that the shapee wiflity curve can be changed by different
judgment factors. In the prospect theory, basedrmels facing “gain” or “loss”, utility curves are
distinguished by the concave or convex functionhfi&@&man and Tversky, 1979). In Luce’s study,
based on people’s personality differences, thezalyj utility curves have three possible function
forms: proportional, exponential, and negative exptial (Luce, 2010). Here, based on the mutual
replacements between judgment factors, there aretalo curve forms of concave and convex for
utility representations.

Meas. 1 is a double estimate. Subjects have tmatdithe utility of money in terms of quantity
consumed and, at the same time, estimate theyubfitonsuming quantity in terms of money, all
through their intuitions. In this estimation a setijmakes effort to find a subjective scaling vt
match with another subjective scaling vafyethat is,

$=bS. 8
Whereb, named “preference coefficient”, is a proporti@fiecting subjects’ preference to money or
consuming in Meas. 1; hebeincreases as the money preference increases.

Substitute (6) and (7) in (8)

G, In(M+a,) +C, =gy In(q +25) +bC;
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In(m+a,) = "2 In(g +a5) + 22— 2 =In(q +ag) +|nexﬂ(—bcs CZ]
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2

m=B(q+as)? - a,. ©)
In (9), a andg follow
a=2%, (10
C;
ﬂ = ex;{%) . (11)
C2

Equation (9) shows that the relation between momeywunt (n) and consuming quantitygY
follows Stevens’ power law in the double estimdt®eas. 1. The above inferences from (6) and (7) to
(9) are similar to those of Ekman deriving Stevgrmsier law from Fechner’s logarithmic law (Ekman,
1964). Below, (10) and (11) are together called Bkmelations.

The power law revealed in double-estimate utilitikas long been discovered by many
experimental studies (e.g., Kahneman and Tvers9§21Galanter, 1962, 1990; Galanter and Pliner,
1974; Galanter et al., 1977; Breaut, 1983; Parker $chneider, 1988). In other words, as a resiilt (9
has been supported by experimental observatioresfdllowing reported experiments will concentrate
on two aspects: 1) compare the distinction betwsgmle- and double-estimate utilities that
respectively correspond to the logarithmic law godver law, and are respectively followed by the
commodity choice and risk choice; Bst Ekman relations in the experiments as an aisabn the
constructable relations implied in the logarithntdev and power law of utilities, and as assistant
evidences to examine the power law.

2.3 Results

Original data and their treatments are presente®drt 5 of Supplemental Files. Before the
original data were used in the analysis, a strattuwormalization had been made on them to equalize
the structural contributions from every subjectatad This structural normalization completely
reserves the overall quantitative levels and cheraof all subjects’ data (see Part 3 of Suppléaten
Files).

2.3.1 Patterns of utility scales

Fitting the power law (9) in means of structuraklmalized data of Meas. 1 and the logarithmic
laws (6) and (7) in means of structural-normalidath of Meas. 2 and 3, experimental values,ot,,
C, a3 C3 C3, a,and S are acquired as shown in Table 3.

Table 3.0bserved parameters in Latin square experiment
ay Co G, ag C3 Cs a ﬂ
10 746 -169.8 20 104 -32.2 0.596 1.88
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Using the results of Table 3, the power law andatdbgmic laws for Meas. 1~3 in the
L-experiment are derived as the following

m=1.88¢+20)-°°*-10;

S=74.6Infn+10) —169.8;

$=10.4In@+20) -32.2

Fig. 2 plots the above curve estimations of Mea8. The data of Meas. 1 well approve the power
law with R’=0.99, and the data of Meas. 2 and 3 well apprbeeddgarithmic laws with #1.0 for
Meas. 2 and ®&0.99 for Meas. 3, respectively. Just as the abihe®retical expectations, the
logarithmic law for Meas. 2 is convex, whereas, ltgarithmic law for Meas. 3 is concave. Similar
results are also observed in five simple experimesee Part 4 in Supplemental Files). The
L-experiment and five simple experiments presembilar utility curve groups, revealing the
robustness of experimental results.

151 0596 2 #
m=1.88(g+20) - 10 F9T093R2 g 9o
8, =74 6lam+10) -169.8 Brar
| 8,=104In(g+a0y - 32.2 4
12 3 /Z/ ’/’ I; R%:‘]D
T i By
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a I
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4 ’ #----hfeas 2

3 - ,’ &F—--Measz. 3
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[ T T [] 1
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Massage Duration {sccond)

Fig. 2. Curve regressions for Meas. 1~3 in the Latin sgj@aperiment. The
data of Meas. 1 well approve the power law wifk@R99, and the data of
Meas. 2 and 3 well approve the logarithmic lawshv#=1.0 for Meas. 2
and R=0.99 for Meas. 3, respectively. Though they ar¢hvidlentical
stimulus intensities and presentation orders, theblk estimate Meas. 1
and the single estimate Meas. 3 deliver two sigaifily different utility
curves. And just as theoretical expectations, dgadithmic law for Meas. 2
is convex, whereas, the logarithmic law for Measofcave.

2.3.2 Relations between single- and double-estimaiglities

In the L-experiment, massage durations and pretsemtarders of Meas. 1 and 3 are the same, and
the only distinction between Meas. 1 and 3 is thatformer is a double estimate but the lattenglei
estimate. To examine the distinction between siaglk double estimates, and taking into account that
fitted data for each measurement is a small safmpig), Wilcoxon test is selected as an examination
tool. In the L-experiment, the Wilcoxon test for 8¢ 1 and 3 presents Z=2.023, p=0.043. Their
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difference is significant. For five simple experim& labeled Exps. 1~V, Wilcoxon tests are also
performed for Meas. 1 and 3 in every experimeribldd collects all those testing results.

Table 4. Wilcoxon tests on Meas. 1 and 3 in L-experiment Brps. 1~V (n=5 in each)

L-exp. Exp. | Exp. Il Exp. I Exp. IV Exp. V
Z=2.023 Z=2.041 Z=1.095 Z=2.023 Z=2.023 Z=2.023
p=0.043 p=0.041 3273 p=0.043 p=0.043 p=0.043

Table 4 shows the difference between Meas. 1 aign¥icant (p<0.05) in five of six experiments,
and only Exp. Il (p=0.273) is insignificant. That single and double estimates are generally difter
they deliver two distinguished subjective measures.

Substituting the experimental valuescgfC,, c;, andC; and takingo=4.0 in (10) and (11), obtain
the theoretical values ofr and £ in the L-experiment

_bc; _ 40x10.4_ 0558
c, 746
ﬁ = ex b% _C2 - eX[{_ 40X322+1698j ~ e0550 ~173.
c, 74.6

Similarly, theoretical values otr and £ in five simple experiments are also obtained. &abl
presents all those results. The theoretical vatiiesr and S agree with their experimental values
with an average relative error [(Experimental-Tletioal) /Experimental] of 6.5% for L-experiment
and five simple experiments. Ekman relations (10) &11) hold at this error level. They reveal
relationships between single- and double-estimtiieyiscales.

Table 5. Experimental and theoretical valueszadndg

o p
Theory Experiment Theory Experiment
L-exp. 4.0 0.558 0.596 1.73 1.88
Exp. | 2.6 0.641 0.704 0.72 0.77
Exp. I 25 0.730 0.786 0.50 0.51
Exp. 1l 3.1 0.903 0.950 0.25 0.26
Exp. IV 24 0.716 0.785 0.52 0.54
Exp. V 2.7 0.602 0.651 0.84 0.97

2.3.3 Constant errors
Table 5 shows a systematic deviation between thieateand experimental values af and S,

where the theoretical values are identically Iéssitthe experimental ones. If the experimentaleglu
multiply a revision coefficient 0.92, their agreamsewould be greatly improved as shown in Table 6.

Table 6.Revised experimental valuesoéndf

a B
Theoretical Revised experimental Theoretical Revised experimental
L-exp. 0.558 0.596x0.82.548 1.73 1.88x0.82.73
Exp. | 0.641 0.704x0.92.648 0.72 0.77x0.9D.71
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Exp. Il 0.730 0.786x0.92.723 0.50 0.51x0.9D.47

Exp. 1l 0.903 0.950%0.92.874 0.25 0.26x0.9D.24
Exp. IV 0.716 0.785x0.920.722 0.52 0.54%0.92.50
Exp. IV 0.602 0.651x0.920.599 0.84 0.97x0.92.89

The deviation may be resulted from constant eroorirring in the measurements. For example,
in the estimates of massage durations in Meashatewver subjects’ immediate oral reports by saying
“OK” or experimenters’ manual records by pressirgiap watch tend to enlarge the massage durations
but never to shorten them. It might evidently be ohthe causes for constant errors. To preversitho
errors, using real payoff and non-temporal test behelpful.

Furthermore, different stimulus and response leweldMeas. 1~3 may cause errors in the
estimations ofa andf in each experiment. From “Fig. 4-1" in Part 4 afplemental Files, the
fitting curves of Meas. 1 and 3 in Exps. I~Ill shosystematic variations as the stimulus levels lyhol
decrease from 1575" to 8'~40" for Exp. | to IlI: their up-right ends shift to@Heft from Exp. | to Ill.

It means the differences between quantitative etelyield constant shifts in subjects’ estimations
The experimental estimations af andf mainly rely on the data observed in Meas. 1, lnet t
theoretical estimations ofr andf on the relationships of fitting curves of Meas.2l&8. To ensure
the basis identical to the experimental and thexaeestimations ofa andf in an experiment, the
best estimating condition in an experiment requéstsdata of Meas. 1~3 coming from identical
guantitative levels. However, the assigned moneguarhlevels in Meas. 2 are always lower than the
response money amount levels in Meas. 1 and 3 Expk. I~V (see “Fig. 4-1" in Supplemental Files),
and also in the L-experiment. When the data of M&a8 in an experiment are used respectively to
estimate experimental and theoretical valuesaodndf, a constant error may be caused by these
differences coming from the experimental settirggidctions.

Table 6 indicates that the revision coefficienttftwse constant errors is abou®2.

2.3.4 Comparisons between utility and psychophysitaumeric scalings

Some subjects delivered proportional data in tregiorts of Meas. 3. Proportions of proportional
data in Meas. 3 are 35%, 42%, and 35% for Exgs. &nd Ill, but merely 6% respectively for Exps.
IV and V (see Part 4 of Supplemental Files), anchost disappears in L-experiment. Meas. 3
proportionally orders the stimuli to present to jsebs in Exps. I, I, and Ill, but crossly disturbie
stimuli to present to subjects in Exps. IV and \d dnexperiment. The proportional data in Meas. 3
almost disappears in the measures with the crassiyrbed stimulus presentations in Exps. IV and V
and L-experiment. Obviously, the proportional déaresulted from the subjects’ proportionally
increasing expectation in the stimuli, a typicalereffect.

In psychophysical studies of the close-ended nuwakscaling, there are two response patterns,
the logarithmic pattern for American immature secbge(e.g. second-grade children) and the linear
pattern for American mature subjects (e.g. sixdgrchildren and adults) (Siegler & Opfer, 2008). T
the Mundurucu subjects coming from Amazonian ind@group with a reduced numerical lexicon
and little or no formal education, an experimergaldy reveals at all ages subjects presenting a
logarithmic scale in number-space mappings (Dehaenal., 2008). Combining the results from
Siegler and Opfer with the results from Dehaenealgtit has been concluded that the logarithmic
pattern is followed by initial intuition scaling drthe linear pattern is a cultural invention innfad
education (Dehaene, et al., 2008). But the linagtepn in utility scaling is only resulted from theder
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effect. Though the utility scaling seems a kindha&f numeric scaling, they are different substalgtial

3. Conclusions and discussions

3.1 Syntheses of evidences

Utility scaling can be divided into two types ohgie and double estimates by their different
scaling processes. Double-estimate Meas. 1 andesdsimate Meas. 3 in an experiment are
completely the same as consumptions, but presgnifisantly different utility scaling curves. The
category of single and double estimates is necggsahne utility scaling.

The evidence from the ultimatum game experimentifigs an empirical basis of Bernoulli's
hypothesis for deriving a utility logarithmic lawwhe mathematical demonstration confirms that the
logarithmic law, if it exists in economic singletiesate, has a sense of the Klein-Rubin utility fiime.

In other words, it does agree with a usual utitijmcept in economics. Finally, experimental outceome
of single estimates Meas. 2 and 3 under distinguistircumstances approve the logarithmic law. To
meet with the evidences from the above three aspenet is, Bernoulli's hypothesis and its suppati
evidence from the ultimatum game, the mathematigahonstration for utility implication of the
logarithmic law, and the experimental observatiérutiity scaling, in a logical framework, the best
conclusion is that single-estimate utility judgméaiiows the logarithmic law. In fact, a number of
important utility functions broadly used in empaicstudies which describe commodity choice
behaviors, the typical single estimates, consigheflogarithmic components (e.g., Klein and Rubin,
1947; Stone, 1954; Liuch, 1973; Houthakker, 196@eill 1965; Deaton and Muellbauer, 1980). The
logarithmic law of single estimate had broad engpirevidences long ago.

Money-risk estimate is usually a double estimatee Subjects’ estimate described in Kahneman
and Tversky's experiment conducted for the cumuatprospect theory is a typical example of
money-risk estimate. They obtained the experimentales for those money-risk estimates and found
that it is appropriate if a power function is udeddescribe them (Kahneman and Tversky, 1992). It
supports the power law of double estimate in thigyscaling. On the other hands, in the framework
of Stevens’ magnitude estimation approach, a nurabearlier studies also supported the power law
for the double-estimate utilities (e.g., Galani&62, 1990; Galanter and Pliner, 1974; Galantel.et
1977; Breaut, 1983; Parker and Schneider, 1988)reThre broad experimental evidences to stand up
for the power law in the double estimabe.addition, experimental tests to Ekman relatidever a
positive result supporting the power law in Measwiich derived from logarithmic laws in Meas. 2
and 3. Finally, utility-scaling experimental outcesnapprove the power law in double-estimate Meas.
1.

Synthesizing the evidences from the three asp#uds,is, experiments of cumulative prospect
theory and Galanter et al.’s earlier experimentadies, tests of Ekman relations, and outcomes from
Meas. 1, in a logical framework, the best conclus®that double-estimate utility judgment follows
the power law. Furthermore, experimental Ekmarticeia mean that in utility scaling, the logarithmic
law is a fundamental law and the power law is @bporollary derived from such a fundamental law.

The above conclusions mean that at least at theriemental levels of money amounts and
consumption quantities, commodity choice follows thgarithmic law, whereas, risk choice follows
the power law. They were derived from synthesizeidences rather than from a single compelling
one, that is, not from a single analysis on thenaitum game, the experiments for cumulative prospec
theory and in the framework of psychophysics, tteh@matical demonstration, or the experimental
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curve regression in this paper, but from all ohthe

3.2 Psychological attributes of utility judgment

Traditional concept of utility is vaguely addressedan intuitive interpretation, for example, “the
satisfaction derived from consuming commodities®eiderson and Quant, 1971). However, such a
utility concept has never been seriously appliedh&oretical or empirical studies in economics. To
give this concept an operational sense, a markedstigation for consumers’ satisfaction seems
feasible. Nonetheless, the existing recognizedtyufiinctions used in empirical studies, such as th
Klein-Rubin utility function, are not obtained frosatisfaction investigations. In fact, useful tyili
functions in empirical studies are proposed for gadity quantity measures but not for satisfaction
measures. The traditional utility concept is arl dexorate artifact rather than a meaningful dgéni
without any direct contribution to current economdescriptions such as utility maximization,
empirical analysis on consumers’ commodity choicasd so on. It may mix economics with
marketing. This concept should be clarified frommare detailed analysis on its psychological
attributes and economics requirement.

As commaodity consumptions, subjects’ judgments iaBl 1, 2, and 3 have no difference, and the
satisfactions derived from them should be the sarwmvever, they deliver significantly different
utility descriptions. The results of Meas. 1 andadle3 are two different utility curves subject to
different functions; Meas. 2 follows a convex tgilicurve, but Meas. 3 a concave one. They are
distinguished from each other only by their diffgrestimate patterns. Thus, the judgment of utility
relies on the psychological presentation pattemther than on pure satisfaction derived from
consuming commodities. Utility is a typical psyobgical magnitude that is differently yielded from
various perceptual processes. Perceptual pattemeisf important determinants in it.

The utility curves of Meas. 2 and 3 were changedifconvex to concave in the experiments. It is
certainly not caused by the variation of subjeggtference but by the variation of stimulus
presentation patterns. In Meas. 2, the money amownate informed to subjects who were asked to
estimate utilities of those money amounts in teohsassage durations. In reverse, in Meas. 3, the
massage durations were informed to subjects whe wsked to estimate utilities of those massage
durations in terms of money amounts. Such a chahgerceptual process caused the variations from
convex to concave. In Meas. 1 and 3, the two differperceptual processes, double estimate and
single estimate, also caused two different typastitify curves. All these changes are attributedhte
variations of perceptual patterns.

The utility function, either in current theoretiaad empirical applications, e.g., in the theordtica
analysis on utility maximization or econometric Bpgtions in empirical data, is always used to
describe how consumers distribute their quantityiecs among varieties of commodities but not to
indicate the degrees of consumers’ satisfactiohs. gsychophysical interpretation for utility measur
seeks to reveal the relationship between subjeetidbobjective commodity quantities. It agrees with
economics requirements of the utility analysis. T#ity theory should emphasize more on the
analysis of perceptual quantity.

In the light of discussions in Part 1.3.1, the Ki&ubin utility function implies the relationship
between subjective and objective commodity quastitiin other words, the essence of utility
maximization, for example in LES and ELES, is theximization of subjective commodity quantities.
Therefore, “utility” should be operationally defoheas “the subjective quantity of commodity or
evaluation"—a measurable object and an applicdi#eretical concept. It will enable us to relate the
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utility measure to the utility maximization, andrher, to test the utility maximization hypothesisa
framework of theoretical cardinal utility maximiza and empirical econometric model. It is one of
evident differences of this paper from other expernital studies on utility measurements. That s, th
experimental analyses finished in this paper caic#ily incorporate with the analytical system of
utility theory. Other experimental utility studibave never exhibited such a character.

3.3 An experimental procedure for testing utility maximization

The cardinal utility maximization has been propo$admore than one hundred and fifty years
(Gossen, 1854). Such an important hypothesis had begarded for a long time as un-testable but
replaceable by the ordinal utility maximizationgeHicks, 1939), which seems measurable at a first
glance. However, any experimental analysis on atdumility maximization must rely on the
observable indifference curve. As seen in earlyeexrpental studies, no ideal indifference curvewit
precise shape had ever been obtained. In facte theperimental studies fell into predicaments in
which no ideal theoretical properties were foundlijective observations unless the properties were
introduced as a prior knowledge in the data arraveges (Thurstone, 1931; Roussears and Hart, 1951)
or as a prior reminder to instill into subjects &ytraining session before they participated in the
experiment (MacCrimmon and Toda, 1969). It has b&mmd impossible to test the utility
maximization experimentally within the ordinal it§il framework. Ordinal utility may be another idle
dream for classical economics. In this paper, catditility had been revealed testable. Combining
with the experimental outcome in the single estandbe interpretation of the Klein-Rubin utility
function for the logarithmic law implies a possityilof experimentally examining the cardinal utilit
maximization hypothesis.

The Klein-Rubin utility functionU =>"b In(q; —r;), b =M is measurable provided
2 p(g-r)
b;, g, andr; can be determined in an experiment. Traditiongliegtion of LES uses empirical data of
g to determineb;, andr;. It can be transplanted to the experimental amtrodhe change in this
transplantation is only that empiriaglis replaced by experimentgl Nevertheless, to avoid the logic
circulation, LES is impossible to independentlyt tiee Klein-Rubin utility maximization hypothesis
because LES is just derived from such a utility imzation. However, now there is another way to

determine the Klein-Rubin utility function experintally using the utility scaling approach: assignin

a fixed budget constraint and prices p, ..., P, in ann-commodity bundle for all subjects in an
experiment, we can determine quantit®gs g, ..., g, by observing subjects how distribute their
choices in such an-commodity bundle, derive constamts r,, ..., r, by measuring the logarithmic

laws of the utilities of separate commodities (&mito Meas. 3), and combining data gfand r;
further estimatd,, b,, ... b,. In this way, we are able to construct the expenital Klein-Rubin utility
function using the linear combination of the logfamic laws experimentally in an-commodity
bundle. Meanwhile, as what has been previously imeed, solving LES fob; andr; in data of the
experimentalky;, we also obtain a Klein-Rubin utility function itigd in LES for thisn-commaodity
bundle. DenotindUgs; as the Klein-Rubin utility function experimentalgstimated from the linear
combination of logarithmic laws, and, s the Klein-Rubin utility function implied in LES dged
from experimental data @f, the utility maximization will be experimentallggted by comparing g
with U gsin @ commodity bundle.

LES is the result of maximizing the Klein-Rubinlityi function, thus,U gs can be viewed as the
utility function theoretically required by utilitynaximization for this commodity bundlélgg is the
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intuitive utility estimate for such a commodity lule, directly indicating an outcome of behavioral
observations. If the comparison reveals an agreemetweenU, gs and Ugg, the theoretic utility
maximization implied in LES agrees with the behaaioutility evaluation in subjects’ intuitive
judgment and, therefore, the experiment suppoesititity maximization hypothesis; otherwise, not.

This will be an important and inspiring progresatthesolves a long unsettled perplexity in a
fundamental stone of economics.
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