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Abstract

This paper develops a lobbying-by-firms model that draws on a more realistic characterization
ofthe lobbying process; influence-seeking requires both money to ‘buy access’ and managerial
time to ‘utilize access’. This, more realistically grounded, modeling approach furnishes
theoretical support for why one encounters different numbers of lobbying firms of varying
sizes in different industries, without casting the (unrealistic) lifeline of the ‘money-buys-
policies’ assumption or (unrealistically) casting out the role of money from the lobbying
process. Theoretical legs are also furnished for the empirical finding of a negative and
statistically significant (at the 1% level) relationship between industry concentration and
“direct lobbying” by the industry. Additional insights emerge from the model regarding how
a cap on the lobbying-contributions of firms results, in fact, in an expansion of the amount of
access-time purchased by some firms, and how a decline in the world price of an industry’s
good can generate greater inequality in access to politicians.
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1 Introduction

Lobbying is an integral part of economic policymaking. In the United States, the
First Amendment to the Constitution lays the legal foundation for individuals and
groups to “petition the government for a redress of grievances.” The recent
economic literature on economic policy making has accounted for the influence of
lobbying groups to explain governments’ choices of ‘actual’ as opposed to
‘socially-optimal’ policies. A standard assumption made in this literature is that
interest groups make monetary contributions to policy makers in return for
adopting desired policies. In other words, money is accorded the role of directly
purchasing policies.

Empirical evidence of monetary contributions is strong.l The assertion that
firms and interest groups are buying policies through these contributions has,
however, been seriously disputed. Austen-Smith (1991) and others have argued
convincingly that the assumption of money directly affecting policy choices is
both simplistic and unrealistic. First, information transmission is a more important
channel for influencing policies than financial contributions. On many issues,
policy-drafting legislators possess far less information than firms affected by these
policies. Consequently, legislators actively seek information and gladly listen to
lobbies. Second, paying money in return for policies is clearly illegal; and, at least
in the United States, there is evidence of reasonably consistent law enforcement.2
A more acceptable characterization of lobbying contributions is to view them as
‘buying access’ to legislators.3In recent discussions on campaign finance reform in
the United States, former representative Lee Hamilton (1998: 1-2) writes that
“special interests gain access to Members (of Congress) through campaign

1 In 2010, the estimated spending on lobbying by firms and interest groups was $3.52 billion. In
1998, this estimate was $1.44 billion. Thus the time period: 1998-2010 has witnessed an increase in
lobbying expenditures of more than 140%. Note that these lobbying expenditures do not include
campaign contributions. All data are from the Center for Responsive Politics (its website:
WWW.0opensecrets.org).

2 The conviction of James Trafficant, a United States Congressman from Ohio, of bribery,
racketeering, and tax evasion is an example.

3 There is further debate as to what ‘buying access’ really means, as Austen-Smith (1995) points out.
Is it a euphemism for receiving favorable policies, is it just a way to signal a group’s concerns, or
does it provide the opportunity to meet and convey the group’s concerns, as this paper postulates.
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contributions and determined lobbying, and often put pressure on Members to vote
with them on their key votes...But the ease by which special interests can
manipulate the system and push things through is exaggerated by the public.”
Lending further support to the claim that *‘money buys access’ is a quote by Prof.
James Thurber in Attkisson (2012), “I think that when people give campaign
contributions, they are not there simply to improve the workings of democracy.
They’re there to buy access.”4

Both politicians and political analysts, when asked about financial
contributions, are quite careful in emphasizing that they buy access rather than
policies. This ‘money-buys-access’ characterization also explains why many firms
and individuals contribute to more than one party or candidate in a given election.
Firms buy access to potential winners even when they do not share their policy
preferences.>6

The characterization of money directly buying policies, besides being
unrealistic, harbors dire implications for industry lobby formation by firms with
common interests. Olson’s (1965; 28) classic lobbying model, which links policy
outcomes directly to financial contributions, yields the finding that “no one in the
group will have an incentive independently to provide any of the collective good
once the amount that would be purchased by the individual in the group with the
largest F; was available”, where F; stands for the i" individual’s fraction of total
benefits. Hence, at most one firm has an incentive to contribute in return for a
policy that benefits all of an industry’s firms. This conclusion, therefore, raises
serious questions about the logical consistency of the lobbying literature’s standard

4 The following remark of Attkisson (2012) generates confidence in Prof. Thurber’s claim: “No one
knows the business of Washington lobbying better than Thurber. He helped write a report on
lobbying reform for the American Bar Association, and he teaches a course to aspiring lobbyists at
American University.”

5 37% of the top of political donors (firms and other organizations, such as trade associations) over
the period: 1989 — 2012, split their campaign contributions (in the 40% to 59% range) between
Republicans and Democrats (http://www.opensecrets.org/orgs/list.php).

6 While the real-world phenomenon of politicians selling access has been embraced by the literature
concerning itself with modeling their (politicians’) behavior — see, e.g., Cotton (2009) — it has been
cast aside in the lobbying-by-firms literature. The literature on modeling a politician’s behavior,
however, given its focus, sidesteps the role of firms in the lobbying process (especially the
opportunity cost of such activity), and hence does not uncover any related insights (such as those in
this paper).
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pairing of the assumptions that all of an industry’s firms lobby and that policies are
adopted in return for monetary contributions.’

A small, but growing literature has addressed the issue of endogenous lobby
formation when monetary contributions directly affect policies. Pecorino (1998)
employs a repeated game framework with a trigger strategy to show that all of an
industry’s firms of equal size might have an incentive to lobby. Pecorino’s
framework was later adopted by Magee (2002) who endogenized both lobby
formation and policy choices. Mitra (1999), on the other hand, established lobby
formation without a repeated game by assuming that firms engage in pre-play
communication. His model also assumes that industries are made up of identical
firms and that money is the lobbying instrument. The assumption of identical firms
was finally relaxed by Bombardini (2008). Based on the menu-auction approach of
Grossman and Helpman (1994), she lets each of the industry’s heterogeneous
firms decide on whether to enter the lobbying game and what individual
contribution schedule to present to its government.

Hillman (1991), in a little-known but truly important paper, discards the
assumption of lobbying through monetary contributions. Lobbying by his firms
requires that managers spend costly time to influence policy makers. Hillman
demonstrates that more than one of many heterogeneous firms might lobby. In
fact, all of an industry’s firms will participate, even if they are of different size,
provided all firm managers possess the same entrepreneurial ability. To reiterate,
monetary contributions play no role in Hillman’s model.

Hillman’s insights emerge from a lobbying-by-firms model that corresponds to
the classic private-provision-of-public-goods model of Bergstrom et al. (1986).
Consequently, the implications from Hillman’s model are equally strong. First, all
CEOs of lobbying firms spend the same amount of time on entrepreneurial
activities even if they differ with respect to entrepreneurial abilities. Different
abilities show up as differences in lobbying activities only. When all CEOs
possess the same entrepreneurial talent, then all of them lobby if one has an
incentive to do so, and all spend the same amount of time on lobbying. Second,
there emerges a neutrality relationship between total industry lobbying and the
degree of concentration of the lobbying industry: for a given number of lobbying

7 To avoid confronting this ‘uncomfortable’ issue, some authors simply assume that organized
groups already exist and that the free-rider problem has ‘somehow’ been overcome.
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firms, total industry lobbying depends only on the group’s total profit and not on
the distribution of total profit among its members, irrespective of whether the
CEOs have equal or unequal entrepreneurial abilities (Hillman 1991: 132). In
other words, if profit serves as a proxy for size, the group’s lobbying effort
depends on the group’s aggregate size but is independent of the contributing firms’
size distribution.

Hillman’s conclusion on the independence of industry lobbying from the
industry’s firm-size distribution is not supported by empirical evidence. For
example, Gawande (1997) finds a positive and (statistically) highly significant (at
the 1% level) relationship between an industry’s degree of concentration and its
lobbying-contribution level. The underlying reason for why, say, a high degree of
concentration yields a large contribution level is that “the same barriers to entry
that allow a high degree of concentration also allow firms to reap the full benefits
from lobbying™ and hence as a group they contribute more.8

Our alternative lobbying formulation assumes that it takes both money and
time to lobby effectively. Lobbying a legislator first involves the making of a
financial contribution by the firm to gain access to the legislator. The larger the
contribution, the greater is the amount of ‘access-time’ obtained.9 Thus, as in
Olson and in accord with empirical reality, financial contributions form an
essential component of the lobbying process. However, different from Olson,
financial contributions do not buy policies.

Once a firm gains access, it can utilize this access to inform and influence the
legislator. Preparing for and meeting with legislators, however, requires time on

8 Some studies find no effect and some a negative effect between the industry’s degree of
concentration and its ‘policy-effectiveness’ — see, Potters and Sloof (1996; 417). These studies,
however, suffer from one or both of the following methodological shortcomings: 1) There is no
“direct’ test of the relationship between industry concentration and industry lobbying but an indirect
one — mediated through the “policy effectiveness’ variable, and 2) While the ‘policy-effectiveness’
variable (e.g., the level of industry-protection) is considered to be a function of the industry
lobbying-contribution level, the latter variable is treated as independent of the ‘policy-effectiveness’
variable, resulting in the usual, statistically-related ‘endogeneity issues’.

9 The Center for Public Integrity (2000), for example, reports, that there exist different price tags for
joining the Republican Attorneys General Association (RAGA), which pushed for “nonparticipation
by Republican attorneys general in lawsuits against corporations’ interests.” $25,000 provided
“preferred seating” at events, offering private conversations; $15,000 secured tickets to events and
access to conference calls; while $5,000-10,000 offered less access.
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the part of the firm’s manager(s).10 Hence, the firm must reallocate resources
away from production and towards access-utilization. One might argue, however,
that lobbying is often “conducted by the ‘public communication’ departments or is
outsourced to specialized firms.”11 In such cases, the management of a firm must
still indirectly be involved in matters of lobbying. It would be naive to expect that
the ‘public communication’ department or the outsourced agency are acting
independently of the management of the firm (that is, without any input,
monitoring, and follow-up work by the management). To restrain one from
succumbing to such naiveté, in what follows, we discuss a piece of evidence of
management involvement in lobbying matters, even though the operational aspects
of lobbying are outsourced.

In the article by Attkisson (2012: 1), noted earlier, there is the following quote
by Gary Lauer, CEO of eHealth Insurance:

“l was interested in getting some lobbyists a) who had high credibility,
and b) who could frankly get some doors open so that we could explain
what the situation was and what we think the remedy would be,” Lauer
said.

So, it appears that the main job of the outsourced firm was to obtain access to
the legislators. It still falls upon the management to “explain the situation” and
suggest “the remedy”. Here’s how one can infer the involvement of the
CEO/management in the lobbying process (again, quoting from Attkisson (2012:
3), where Gary Lauer, CEO of eHealth Insurance is being interviewed by
Attkisson):

...In the end, eHealth's lobbying was successful in changing the rules.
Low income Americans will be allowed to use their subsidies to buy
insurance on eHealth.

“Did you have to write a proposed regulation to hand them?”Attkisson
asked.

10 For instance, Fitzgerald (2011: 1) reports that 18 CEOs and other management-staff of various
Technology companies met with U.S. legislators to push for protection of government spending and
tax deductions for “corporate research and development.” Further, Schwab (1994: 170), in her
detailed examination of the making of the Omnibus Trade and Competitiveness Act, notes concerning
the plant closing provision that “it was primarily a small hard core group of individual firms and the
administration that did the most lobbying against the provision.”

11 As one referee pointedly noted.
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“We've written a lot,” Lauer replied. “At the end of the day, the
regulation didn't use all of our language, and that was fine, but it caught
the essence of this, and it included some things that these people in
health and human services thought were important, which we agreed
with ...

“l would say that the process here is far from elegant. The process here
involves influence.”

Thus it is apparent that the management of eHealth Insurance must have been
involved in writing the proposed regulation that was presented to the legislators
once access was secured through the outsourced lobbying firm. It is hard to
imagine that the ‘public communication’ department of eHealth Insurance would
have written the proposed regulation independently of the input of the
management of the firm.

So, all we are claiming is that if the management of a firm is involved in ‘non-
management’ activities, such as lobbying, then this must impose ‘productivity-
costs” on the firm (otherwise, why hire management-staff at all). Hence, in so
much as lobbying uses up ‘entrepreneurial time’ or ‘management time’, we draw
on Hillman (1991) in building our model.

The above-described, more realistic characterization of the process of lobbying
by firms was initially laid out (in less detailed fashion) in Mayer and Mujumdar
(2002) — the Working paper version of the current paper. This characterization was
then drawn upon in Mayer and Mujumdar (2003) — henceforth, M&M (2003) - to
examine the lobbying responses of the import sector and the export sector to a
decline in the world price of the import industry’s good in a two-sector general
equilibrium model. Given its focus, the analytical treatment of lobbying behavior
by firms in M&M (2003) is relatively rudimentary. Specifically, while the current
paper fully characterizes and derives the lobbying equilibrium for firms of
different sizes and demonstrates that the equilibrium is unique, M&M (2003)
reports a lobbying equilibrium for firms of only two sizes, and this equilibrium is
neither fully derived nor demonstrated to be unique. Consequently, the important
insights on firm and industry lobbying uncovered by this paper (discussed below)
do not obtain in M&M (2003).

This paper builds a lobbying-by-firms model that captures two, key real-world
dimensions of this lobbying process; a) money buys ‘access’, and b) utilizing
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access consumes ‘management-time’. Further, the model allows for firms of

different sizes. The following main insights emerge from analyzing the model:

1) Any particular firm’s incentive to engage in lobbying is larger, the lower is
the amount of lobbying undertaken by the other firms in the industry. This
result sheds light on a link that is not intuitively apparent - the one between a
firm’s incentive to lobby and lobbying activity by other firms in the industry.

2) The lobbying equilibrium (as we explicitly demonstrate) may be characterized
by just ONE lobbying firm or MULTIPLE lobbying firms. That is, it is
endogenously determined that one, some or all of an industry’s firms can be
engaged in lobbying. This result helps explain the real-world phenomenon of
why we encounter lobbying by different numbers of firms (of different sizes)
in different industries, without being beholden to the unrealistic assumption
that ‘money-buys-policies’ (as in Bombardini 2008) — or by banishing the role
of money in the lobbying process (as in Hillman 1991).

3) If the size-distribution of lobbying firms in an industry were to become more
unequal, then this would result in a decline in the industry’s lobbying of
politicians through ‘direct-access’ (and vice-versa). This finding furnishes
theoretical support to a similar empirical finding by Vannoni (2013).
Specifically, Vannoni (2013) uncovers a negative and statistically significant
(at the 1% level) relationship between industry concentration and “direct
lobbying” by the industry —for firms in the European Union.12

4) In examining the effects of laws that impose a limit on the lobbying-
contribution of firms, we find that lobbying firms, on whom the limit is not

12 At first blush, our finding appears to run counter to the theoretical result in Bombardini (2008),
where a more unequal size-distribution, implies a larger industry-level of lobbying-contribution (for a
given level of output) and, consequently, a higher level of protection. Our finding is driven by the
fact that the increase in lobbying by the expanding firm is smaller than the decline in lobbying by the
contracting firm. In a more elaborate model of lobbying, which accounts for both ‘direct’ as well as
‘indirect” means (such as contributions towards relevant issue-advocacy adverts or interest groups) of
‘petitioning the government’, it is conceivable that the contracting firm’s total monetary con-
tributions for lobbying purposes decreases by a relatively smaller amount, as these contributions are
now funneled more towards indirect channels since their relative cost is now lower. This is due to the
fact that for the contracting firm, the cost of ‘direct-access’ (including ‘productivity-cost’) per unit of
capital is now higher. The opposite would hold true for the expanding firm. So, it is quite possible
that total monetary contributions for lobbying purposes actually increase — in line with Bombardini’s
(2008) result. However, our new insight is that a more unequal size distribution of firms results in
less lobbying through ‘direct-access’.
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binding, actually end up procuring more access to politicians (provided that
the constraint is binding on at least one firm). Further, it is possible that a
non-lobbying firm turns into a lobbying firm. So, in this case, the lobbying
constraint, in fact, democratizes the lobbying process by allowing a greater
number of firms to “petition the government’.13

5) A decline in the world price of an industry’s good, results in the larger firms
of the industry procuring more access to politicians, leading, possibly, to
greater inequality in access, as smaller firms may not obtain increased
access.14

13 one may be tempted, here, to draw a parallel between this finding and an insight in Che and Gale
(1998) — henceforth, C&G (1998) — where the cap on lobbying expenditures induces the lobbyist
with a “lower valuation for the political prize” to become “more aggressive”(by submitting a higher
bid). In C&G (1998), a politician auctions a policy favor (political prize) in an All-Pay style between
two bidders (lobbyists) with different valuations of the ‘prize’. While a lobbying constraint that is
binding on the lobbyist with the higher valuation induces the lobbyist with a lower valuation to
submit a higher bid, the “prize’ still goes to the highest bidder. It is not clear what the bidder that
comes in second gains from participating in the lobbying process, other than a ‘shot’ at the “political
prize’. So, the lobbyist that comes in second does not even obtain access to the politician, while
he/she forks over a varying ‘participation fee’. In a related line of work, Cotton (2009) examines the
difference between how a cap on political contributions and a tax on such contributions affect a
politician’s choice between selling access and selling policy favors to two interest groups. A binding
contribution limit makes it more likely that a politician will sell access rather than the policy favor.
Akin to C&G (1998), access is awarded to the interest group that makes the highest contribution. So,
the binding cap, once again, leads to at most one interest group hogging all the access. Hence, neither
C&G (1998) nor Cotton (2009) can show the possibility of the binding cap actually resulting in
lobbying entities increasing their amount of ‘access-time’ (as we are able to demonstrate). We thank
a Referee for pointing us to the two References in this footnote.

14 While M&M (2003), op.cit., finds that the total lobbying of the import sector increases following
a decline in the world price of the import sector’s good, no light is shed on how firms of different
sizes respond to the price change. It is worth noting that as in M&M (2003), this paper also finds
that the total level of lobbying of the industry increases with the price decline, although setup here is
not of the general equilibrium genre. The underlying basis for this similar result emerging in these
models of different strokes is that, in M&M (2003), in the “immediate run” (which is the time
horizon under which the said result obtains) there is no inter-sectoral movement of labor and
consequently each sector ‘lives’ independently and can be treated in a “partial equilibrium’ fashion.
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2 The Model

Consider an industry with N firms in a small, open economy. All firms produce
the same homogeneous good X and have the same production function. They
may, however, differ in size. The production function has the form:

(1) Xj:g(Hj)F(Lj’Kj)

where X; denotes the output of firm j(j=1,..,N)andH;,L;and K,are the

corresponding inputs of management, labor, and capital, respectively. All
managers have the same ability, and management time enhances the productivity
of labor and capital at a decreasing rate; that is, the g(.) function is the same for

all firms, g'(.) >0, and g"(.) <0.15 The sub-production function F(L;,K;) is

homogeneous of degree one in labor and capital, and it has positive, decreasing
marginal products. It can be restated as:

(2) F(L;,K;)=K;f(4)

Where A, indicates the j™ firm’s use of labor per unit of capital, f'(4;) > 0and
f"(1;) <0. At the time of the lobbying decision, each firm’s capital stock, K ,is

already in place and cannot be adjusted. A firm’s capital stock serves as a measure
of its size.

We now order the industry’s N firms from the largest to the smallest by
assigning subscripts such that:

@) K, 2K,2..2K,.

Concerning the employment of labor, initially we assume that it is already in
place and cannot be adjusted when the lobbying decision is made. Later, when we

15 When we examine the relationship between total lobbying of an industry and the size-distribution
of its firms, we add the assumption that g”(.) >0, as would be the case when g =H "and
O<y<l.
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analyze the industry’s lobbying response to an exogenous price change, this
assumption is relaxed.

Without loss of generality, we assume that it is the CEO of the firm who
provides the management input.16Each CEO possesses one unit of time that is to
be allocated between the tasks of managing the firm and lobbying the legislator.
This is represented by:

4 H =1-A

where A, denotes time spent on lobbying by the CEO of firm j and H ; is time
spent on management. Concerning the effect of management-time, we set

g(0)=g>0and g(2) =1.

A legislator charges price B per unit of access-time. If firm j wants to obtain
Aj units of access-time, then it must make a monetary contribution C i such that:

5) C,=BA.17

The purpose of gaining access is to lobby the legislator for raising the domestic
price of good X , denoted by P , above the exogenously given world price, 7. The
domestic price function is:

6)  P(Ax)=7z+p(A)

N
where A = Z A; measures the industry’s total access or lobbying time when the
j=1

N largest firms lobby, and where A; >0, p’(A) >0and p"(A)<0. The more

16 By not making room for additional management-staff, we are able to circumvent inherent
‘principal-agent issues’. Further, with regard to the compensation for the ‘services’ that the CEO
provides, we implicitly assume that she receives the entire profit earned by the firm, if she is its
owner and if she is an employee, then she receives a fixed percentage of the profit.

17 Evidence that it takes a larger contribution to obtain greater access was presented in Footnote 9.
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total time all the industry’s CEOs spend on informing, discussing, and pressuring
legislators, the larger the gap between domestic and world price.18

Lobbying requires both time and money. If the CEO did not have to trade off
management for lobbying time, the g(.) term in equation (1) would be unaffected

by lobbying, making g(H;)=g(l) =1, whereas equation (5) would hold as

written. This would cast our model into the Olson mold. If, on the other hand, no
monetary contribution was required to gain lobbying-access, but there is a trade-
off between lobbying and managing, we would have g(H;)=g(l-A,) in (1)

and B=0 in (5). This would cast our model into the Hillman mold. The
respective roles of time and money in shaping a firm’s lobbying incentives will
become more apparent in the following section.

3 The Firm’s Lobbying Decision

This section examines a firm’s incentive to lobby under the assumption that its
employment of labor cannot be adjusted at the time of the lobbying decision. We
implicitly assume that all employment decisions were made in the past, before any
lobbying was contemplated. At that time, firms faced the same wage rate, w, and
world price, 7, and CEOs spent their entire time on the task of management.
Consequently, each firm, no matter its size (KJ-), chose the same labor-capital
ratio (A4).
The jth firm’s profit function is given by:

(DR (A, A ) =[x+ p(A, + A )]g- A)K, F(4) - K, [r +wAi] - BA,

18 The relationship between monetary contributions and price as summarized by (5) and (6),
represents a reduced form of a more elaborate model on the information exchange between CEOs
and legislators. A legislator, to maximize political support, requires both money to run campaigns
and information to assess the impact of proposed policies. The CEO, in turn, knows that the firm
(and she) can benefit from delivering information as she can bias its content. Now, we do not
explicitly model this information exchange. What our model, however, does make explicit is that
time is needed to transmit information and that more time offers more opportunities to convey
information that benefits the firm (and the CEO).
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where Aﬁj denotes total lobbying time spent by firms other than |, I'is the rental
on capital, and BAJ- measures the firm’s monetary cost of Aj units of lobbying
time. Firm j has an incentive to lobby — such that optimal lobbying, A;, is positive
—ifoR; (.)/8Aj > 0at A; = 0; that is, if:

B
8 (A )-[r+p(A)]lg'@>—-——19
®  PA)Ir A0 >
Given all other firms’ lobbying efforts, A_j, firm j compares the marginal
gain from a higher price, p'(A_j)with the sum of the marginal cost of reduced
management, [z + p(A_;)]g’(), and the price of access-time per unit of output,
B/[Kj f (4)]. Since p'(A) > 0and p"(A) < 0, criterion (8) implies:

Proposition 1: Ceteris paribus, a firm’s incentives to lobby are larger,
(a) the larger its size (K );

(b) the less other firms lobby (Afj );

(c) the lower the cost of gaining access to the policymaker (B ).

If criterion (8), evaluated at A_j =0, fails to hold for any firm, then the
industry fails to lobby. If, on the other hand, criterion (8) holds at A_j =0 for at

least one firm, then the question becomes how many firms lobby in a non-
cooperative lobbying equilibrium. So, let us assume that criterion (8) holds at
A_j =0 forl<M <N firms. Then, based on Proposition 1, the largest firm,
with capital stock K, , has the strongest incentive to lobby. Furthermore, if firm 1
were the only lobbying firm, its profit-maximizing choice, Al* >0, would be the
solution to:

19 Note that g(1) =1and that the profit-function is strictly concave in A;.
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B
K, f()

©  P(A)IA-A)-[z+p(A)Ig'A-A) =

Given the largest firm’s lobbying choice, any other firm with capital stock
KJ- < K, has an incentive to lobby as well if criterion (8) also holds for j = 1; that

is, if:

®) PR AW >

]

since A ; :Al*. To evaluate (8’), compare it with (9), after noting that

g@l-A)<g®=1and g'd—A’)>g'(d). Clearly, the LHS of (8’) always
exceeds the LHS of (9). The RHS of (8’), on the other hand, is larger than (equal
to) the RHS of (9) if K; < K, (K; =K,). It follows:

Proposition 220:

(@) Ifeachof j=1,..., M unequal-sized firms has an incentive to lobby when no
other firms Iobby(A_j =0), then at least one and possibly all M > 1firms
lobby in equilibrium.

(b) If each of j=1,..., M equal-sized firms has an incentive to lobby when no
other firms lobby (A_; = 0), then all M firms lobby in equilibrium.

The first part of Proposition 2 states that, if there are M unequal-sized firms
and each of them would lobby if all other firms did not, then the equilibrium
number of lobbying firms can be as small as one and as large asM . Now,
examining the lobbying criterion of (8”) for sequentially smaller and smaller firms,
the size of the marginal lobbyist, K,, , is determined by the conditions that this

firm has an incentive to lobby if the firm of size K, , (and each firm larger than
firm H —1) lobbies and the next smaller firm of size K, , (and each firm smaller
than H +1) does not lobby; that is:

20 A result similar to ‘b’ was obtained in M&M (2003). Note, however, that result ‘a’ was not
obtained in M&M (2003).
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(100 p'(A")~[z+p(A")g'®) > nd

— a
K, f(4)

(11) p'(A")—[z+ p(A )]g'(l)<m

H

where A" = ZAJ. is total lobbying time spent by the H largest firms (where
j=1

1<H<M).

The second part of Proposition 2 states that, in equilibrium, each of the M
equal-sized firms lobbies, if the representative firm has an incentive to lobby when
no other firm lobbies. This follows from a comparison of (9) with (8”) when
K, =K, =..=K,,

We have demonstrated that the number of endogenously determined lobbying
firms can be one, some, all or none. In what follows, we examine the forces behind
this finding by relating our model to the specifications of Olson and Hillman.
Olson’s (1965) model rests on the assumption that lobbying consists of making
monetary contributions for directly purchasing policies. Since lobbying has no
impact on a CEO’s management input, this implies in the context of our model
thatg(H ;)is independent of A;, making g(H ;) = g(1) =1. This, in turn, implies

that equations (9) and (8”) — constituting the conditions for more than one firm to
lobby - reduce to p'(A)=B/[K, f(1)] and p'(A)> B/[Kj f ()],
respectively. Clearly the inequality of the second condition cannot hold if the

equality of the first one does. Whereas the LHS is the same for both equations,
K; <K, implies that the RHS of the second condition cannot be less than the

RHS of the first condition. Consequently, no other firm has an incentive to lobby if
the largest firm lobbies — just as Olson concludes. We note in this context that
Olson’s characterization of the use of money to obtain the desired policy measures
turns lobbying into a constant-cost activity — that is, the marginal cost of lobbying
becomes constant.

Hillman’s (1991) model rests on the assumption that lobbying requires no
financial contribution on the part of a firm; instead, it calls for involvement by its
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CEO who faces a trade-off between managing and lobbying. This leads Hillman to
the conclusion that, when all CEOs have the same ability, either none or all of an
industry’s firms lobby. Now, the management trade-off assumption is reflected in
our characterization of the lobbying process, but the absence of money is not.
Eliminating monetary contributions simply implies that our B = 0. Substituting
B =0 in(8), the j™ firm has an incentive to lobby when no other firms lobbies if
[p'(0) - [~ + p(0)]g'(W)] > 0. But if this condition is satisfied for one firm, then
it must be satisfied for all N of the industry’s firms, independent of their size.
Hence, they all lobby in equilibrium. Lobbying by 1< H < N firms cannot occur.
Were only the H largest firms to lobby, then
[p'(A")g(@-A)—[7+ p(A™)]g’'(@- A;)] = Owould be satisfied for the h"
firm choosing A; >0, where A" is again total lobbying by the H largest firms
and h=1,..., H . But then it also must be that [p'(A") —[z + p(A")]g’'(D]>0
for each non-lobbying firm since 1=g(1) > g(l—A;) and g’'() <g'(L-A)).
Hence, in equilibrium, all N firms have an incentive to lobby and, in equilibrium,
[p'(A")g@-A)) [z + p(A")1g'(1— A;)]=0for all j=1,...,N Since this
yields the same A’ for all j ,it follows that A} = A" /N . Thus without financial
contributions, the trade-off between lobbying and managing introduces a strong
bias in favor of collective lobbying by all the industry’s firms.21 This bias is the

consequence of lobbying being an increasing-cost activity when, as assumed,
managing raises output at a decreasing rate.

21 Hillman allows entrepreneurial ability to vary among firms. How heterogeneity in management
abilities affects the number of lobbying firms depends on the way heterogeneity is introduced. If, for
example, g; =o;H7and a; >a, >..>ay where H; =1-A,, then all firms lobby if one does.

If, on the other hand, g;=H7 and Hj :Tj - Aj , where T, >T, >..T, then it is quite possible
that firms with less entrepreneurial ability do not lobby.
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4 Lobbying Equilibrium

An industry lobbying equilibrium is established when none of the Malready
lobbying firms has an incentive to adjust their lobbying and none of the (N-M)
non-lobbying firms has an incentive to start lobbying. Hence, in a non-cooperative
lobbying equilibrium (where firms can be of different sizes):

B

12)  p'(A")g@l-A,)-[z+p(A")]g'L- A,) = <t

form=1.. M

13)  p'(AM) [z + p(A")]g'(D) < forn=M +1,..., N

B
K f(4)

n

M
where AM =ZA; represents total industry lobbying and M is endogenously

m=1
determined. The M equations of (12) are best-lobbying-response functions of the
lobbying firms. A sufficient condition for the equilibrium to be unique is that the
best-response functions’ slopes are less than one in absolute value for all firms
(Eichberger, 1993: 105). Differentiating (12) with respect to Aj, where

j=1,..,M and j= m, the slope of any such response function is:

dA; _ — Oy
dAj - (Gm +pm)

(14)

whereo, = [p"(A")g(L- A;) - p'(A")g'L- A))]< 0
and p, = |7+ p(A")]g"(L- A,) - p'(A")g'(L- A)|<0.

Clearly, the absolute value of the slope of the response function is less than
one forall mand j.
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We next consider the influence of a firm’s size on its lobbying. Looking at
(12), note that the equilibrium value of A is the same for all firms, as are the
values of B and f(A1). What differs among firms is the value of K, such that

(6A;/6Km): -~ B/[pm K2 f (/1)]> 0 implies:
Proposition 3: Larger firms always lobby more than smaller firms.

Although larger firms lobby more than smaller firms, this does not mean that they
also lobby more relative to their size. If one defines a,, = A:;/Km as the m"
firm’s optimal lobbying per unit of capital, then (8a;/8Km)> 0if
B>-p, K, A f(1). This condition is likely to be satisfied for the smallest
lobbying firms since K is very small. The RHS’s value, however, rises with K,
and the condition might no longer be satisfied for the largest firms. Lobbying per
unit of capital is not necessarily greater for the largest firm than for slightly
smaller firms.

5 Contribution Limits and Lobbying Incentives

Suppose an upper limit of C >0 is imposed on how much money a firm can
contribute to legislators’ election campaigns (or more generally, for lobbying
purposes). This, in turn, implies an upper limit (of, say, A >0) on how much
access-time an individual firm can acquire. Concerning such a lobbying constraint,
we establish:

Proposition 4: The imposition of a lobbying constraint that is binding on some
but not all lobbying firms:

a. Definitely raises the lobbying of firms on whom the constraint is not binding.

b. Weakly increases the number of firms that lobby in equilibrium, as it
heightens the incentives of non-lobbying firms to the join the lobby.
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With M < N lobbying fi{dms and no lobbying constraints, equations (12) and
(13) must hold, where A =" A . If a lobbying constraint, A, is imposed such
that A < A;for firms h :1?1.:.1., H <M, then the H largest firms are directly
affected. If this were the only departure from the unconstrained equilibrium, such
that the remaining (M-H) firms would still exert lobbying efforts A,,", then (12)

would change to:

12 p'(A")gl-A)-[z+ p(A")]g'(L- A) > T forh=1..,H
o AMIY (1 AT NI A" B
(127 p'(A")9-A,) [z +p(A™)]g'(L Am)>Kmf(ﬂ)

form=H+1,...M

_ M . M .
where A™ =HA+ > Al < A" =>" A .22 Consequently, all lobbying firms
have incentives to Iobﬁ?ﬁmre. While tnﬁ:el contribution limit prevents the H largest
firms from making adjustments, the smaller (M — H) lobbying firms are able to

expand their engagement. Also, since
o (A") =Lz + p(A™)]g' @< [P (A™) = [z + p(A")]g W),

so far non-lobbying firms have stronger incentives to lobby. It, therefore, is quite
possible thatfor the largest of the (N — M) pre-constraint non-lobbying firms, we

have:
[p'(A") ~ [z + p(A")]o’®M) | < B/[K, F(2)]  without constraint,

but

22 since A¥'< AM, the equality of (12) turns into the inequality of (12°) for firms with binding
constraints; and it turns into the inequality of (12”) for firms with no binding constraint when
lobbying of the firm under consideration is evaluated at the original lobbying equilibrium.
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[p'(A™) =[x + p(A")1g'@)]> B/[K, f (2)] with constraint.

6 Size Distribution of Firms and Industry Lobbying

Concerning the relationship between the size-distribution of firms and the
industry’s lobbying effort, we state:

m

Proposition 5: Provided g”(H)>0, a more unequal size-distribution of
lobbying firmsimplies less total lobbying by the industry. The number of lobbying
firms,however, might grow as the size-distribution becomes more unequal.

Given an initial cumulative firm-size distribution,G(K,s,), a new
distribution, G(K, s, ), is considered to be more unequal if, at a constant mean,

K;
_[[G(K,sz)—G(K,sl)}jK >0forall 0< K, <K,
0

where K denotes the largest firm’s size.23 If any two of the M currently
lobbying firms changed their sizes such that dK; +dK; = 0, then the mean of the

distribution would remain the same. If, furthermore, K; > KJ. and dK, >0, then

the distribution becomes more unequal, as defined above. Stated more intuitively,
if a larger firm expands at the expense of a smaller firm, the industry’s size
distribution becomes more unequal. Accordingly, we evaluate the impact of a
more unequal size distribution on total industry lobbying by evaluating:

M M
(15) A" _A dK; forK; > K and dK; >0
oK, oK,

23 For further explanations, see Laffont (1989).
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M
where A" =" Al
m=1

and we assume, for the time being, that the number of lobbying firms, M , remains
unchanged. Based on differentiating the M equations of (12) with respect to K,
as shown in Appendix A, equation (16) expresses the lobbying response by the j™
firm itself, equation (17) shows the lobbying response of each of the other firms,
and equation (18) states the entire industry’s lobbying response to a change in the
size of firm j:

oA, B (H mZJ (on/n )]
T ST I 70
i j p1£1+z_:(o-m/pm)j
S
j i f(4) pip,-(1+z(0m//’m))
I
i ma O (Kff(/l)p{HZ(Um/Pm)j

Substitution of (18) into (15) for land jthen yields: (19)

EIEA R s B A
oK, oK, piKT oK f(/l)[1+2(0m//3m)j

for dK; > 0.
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The value of—p, =[x+ p(A")lg"(1-AL) - p'(A")g'(L- A>)|>0
rises with K_, providedg”(H) >0, since A" is given and A s positively
related to K . It follows that — p, K> > —p,K? for K; > K in the first bracket

of the RHS of (19). And since the expression of the second bracket on the RHS in
(19) is always positive, a more unequal size distribution of firms reduces the
industry’s overall lobbying effort.

The intuition underlying the above finding, focusing on the role of access cost
— since this is the key feature that distinguishes our setting from that of Hillman —
runs as follows. For the contracting firm j, the percentage increase in the price of
access per unit of capital is greater than the percentage decrease in the price of
access per unit of capital experienced by the expanding firmi. This leads firm j
to cut its lobbying by more than the corresponding lobbying expansion by firmi,
resulting in a fall in the total lobbying of the industry. In Hillman’s setting, since
access is costless (although time spent lobbying is not), firm j does not undertake
as sharp of a cut in its lobbying time. In fact, in Hillman, the cut in lobbying time
by firm j matches the expansion in lobbying time by firm i, leaving total industry
lobbying unchanged.

Finally, if the more unequal size-distribution of firms is associated with less
industry lobbying for a given number of M firms, there now emerge added
incentives for so-far non-lobbying firms to become active lobbyists under the more
unequal distribution. Hence, an industry with a more unequal-size distribution of
firms might have more lobbying firms but lobby less in total than an industry with
a more equal-size distribution of firms.

7 Lobbying Responses to an Exogenous Price Change when
Labor Employment is not Variable

Firms can adjust their profits either through lobbying for a higher price or through
producing more. When managerial resources are required for both lobbying and
producing, there exists a trade-off between the alternative ways of influencing
profits. A CEO’s optimal allocation of management time between lobbying and
managing is, therefore, critically affected by any exogenous change, such as a
change in the world price of the good produced by the firm.
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Concerning the impact of a change in the world price, 7z ,on individual firms’
and the entire industry’s lobbying, we obtain (assuming that firms cannot alter
their respective labor-employment levels):

Proposition 6: If the world price of the industry’s good declines,

a. The largest lobbying firm always lobbies more.

b. The smallest lobbying firm’s response is indeterminate. In fact, it might lobby
less, and possibly even turn into a non-lobbying firm.

c. The industry as a whole always lobbies more.
Assume initially that the number of lobbying firms before and after the fall in

price remains the same (say, at M ). As shown in Appendix B, the impact of a
declining world price on the jth firm’s profit-maximizing lobbying response is:

(20) %= g3:+§‘,_((g}<7m—gr'nd,-)/(pjpm))]/[lJrer:(Gm/pm)]

The denominator of the above expression is always positive, since
(o-m/pm)>0. Concerning the numerator, the first component, (g}/pj), is
always negative. The sign of the second component, on the other hand, is not
determinate as it depends on the signs of (g}am - g;naj) for all m = 1,..,M other
than j. With the substitution of the full expressions for o, ando;, we get:

(9}0 —9no;)= P"(A")[0}9, — 940, ], where
9;=9'L-A))>9,=09'L-A;) andg; =g(l-A))<g, =9g(-A,) for
Kj > K,,, using Proposition 3. Accordingly, for the largest firm of size

Kl,(gl’am - g(nal)< Ofor all m=1 and the price-fall always results in more

lobbying. On the other hand, for the smallest lobbying firm of size
Ky, (9o, —9L0, )>0forall m=M . So, accounting for both the first and

second component in the numerator, the smallest lobbying firm’s response to the
price-fall is indeterminate; one cannot preclude the possibility that this firm’s
lobbying declines when the world price falls. For the next smallest firmM -1,
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(9,40, —9.0y4)>0 forall m=M, M —1,
while (g}, 0, — 9.0y )<0 form=M.

It thus is quite possible that this second-smallest lobbying firm lobbies less as
well; but this response is less likely than it is for the smallest lobbying firm M.
More generally, one can see that, as the influence of these negative terms rises
with the size of the firm, larger and larger firms are increasingly likely to lobby
more as the world price falls.

To highlight the different influences on a firm’s lobbying response, we
substitute the domestic price function of (6) in the firm’s first-order condition of
(12) and differentiate it with respect to z, yielding:

dA, g'l-A,) o, dA"
dz P Pn A7

(21)

The first term on the RHS is always negative, meaning that, at constant
industry lobbying, AV, all already lobbying firms increase their lobbying in
response to a world price decline. The second term on the RHS, on the other hand,
is positive since, as will be shown in (22), total or industry lobbying must rise in
response to the price decline. Accordingly, an individual firm’s lobbying effort can
decline only if the rise in industry lobbying is sufficiently large to more than offset
the decreased lobbying of the firm (at constant industry lobbying).

The industry’s total lobbying response to a price decline can be ascertained by
summing of (20) for all M lobbying firms and noting that

M M
33 (g!0, - 9ly0, )= 0. This yields:

j=1 m=

—
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Hence, industry lobbying always rises as the world price declines.

We started the evaluation of lobbying responses under the assumption that the
number of actively lobbying firms remains M . As should be apparent from the
above discussion, the number of lobbying firms is endogenously determined. It
could decrease, increase, or remain constant. As mentioned, it is quite conceivable
that for the smallest of all lobbying firms, the first component of the RHS
numerator of (20) is overpowered by the second component and the firm stops
lobbying in response to the world price decline. But, as (21) indicates, this can
happen only if industry lobbying rises substantially. If, on the other hand, the first
component on the RHS numerator of (21) is larger than the second component,
then such a firm definitely raises, rather than discontinues, its lobbying.

8 Lobbying Responses to Price Changes when Labor
Employment is Variable

The preceding section established a negative relationship between the world price,
7, and total industry lobbying. We obtained this result under the assumption that,
at the time of the lobbying decision, each firm’s capital stock, as well as its labor
employment is given. We now relax this assumption and permit each firm to adjust
the use of labor when it lobbies. Our objective is to examine how the industry’s
lobbying is affected by its firms’ ability to adjust employment. To highlight the
influence of flexible labor employment, we make the simplifying assumption of an
industry with equal-sized firms and establish:

Proposition 724

a. The ability to adjust labor employment is a partial substitute for lobbying.
The industry’s lobbying response to an exogenous price change is weakened
by its firms’ ability to adjust labor.

b. The offsetting effect of adjustable labor use could be so strong that industry
lobbying falls rather than rises in response to a decline in world price.

24 \While similar results are obtained in M&M (2003), the current paper explicitly and clearly
demonstrates how they emerge.
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The assumption that all N firms are of the same size means that the
representative firm of size K i = K has an incentive to lobby when no other firm
does if [p'(0) — [ + p(0)1g’(W)]f (1) > B/K . We assume this to be the case and
denote industry lobbying by A, such that each firm’s lobbying is A = A/N.

The firm’s profit-maximizing choice of labor is obtained by maximizing (7)
with respect to 2 = L/K , yielding the first-order condition:

(23)  [m+p(A)IgA- (A IN)F'(A) =w.

Since f"(1) <0, the optimal labor-capital employment ratio is positively
related to both the world price, 7, and the industry’s total lobbying, A. Each
firm’s lobbying choice, in turn, results in a non-cooperative equilibrium if:B
29 [p'(A)gl- (A IN) [z + p(A)]g'(L- (A IN)]f ()=

Given the above equilibrium conditions, we now change the world Hﬁce m.25
Differentiating (23) and (24) with respect to 7 yields:

*

dA g +¥
25 = ,
e o ¥Irg—(Pg’/N)]
g

where P =[z+ p(A)], p'=p'(A"),
Q=[p"g-p'g'+(Pg"/N) - (p'g’/N)]=[o+(p/N)] <0,
and¥ =(p'g-Pg ’)[(f ')2/(Pff ")]< 0 at the optimal choice.

With regard to the sign of (dA*/dzz), the denominator of (25) is negative if, as
we assume here, adjustments in the economy’s labor market are ‘dynamically

25 The wage rate w is held constant. It is implicitly assumed that the industry in question is
sufficiently small relative to the entire economy so that a reallocation of labor between industries
leaves the wage rate unaffected.
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stable’.26 The sign of the numerator, on the other hand, is indeterminate since
g'>0and ¥ < 0.Consequently, more lobbying in response to a world price
decline is no longer assured when firms can adjust their labor employment;
industry lobbying might rise or it might decline.

In order to trace the influence of adjustable labor employment on an industry’s
total lobbying effort, we return to (24) and differentiate it with respect to . After
simplification, we obtain:

4 T dx| ar

dA” g’ dA|Pf"¥
dr Q dn '

Note, here, that substituting the expression for :i (which is obtained by
/2

differentiating (23) with respect to ) yields (25). Hence, (26) is just another way
of stating (25). Now, ;j_l is zero (positive) if firms are unable (able) to alter their
/4

employment-level. One can thus see (26) as decomposing the impact of a world-
price change on the industry’s lobbying effort into a “‘price effect’ (as represented
' Pf"¥
by g—) and an ‘employment effect’ (as represented by —d—/l — 1)
Q dr| Of

Focusing on the contribution of the ‘employment effect’, a world-price
reduction, for instance, by lowering the employment-level (at the given level of
lobbying) must have a curtailing effect on the industry’s lobbying effort (since
_da { Pf" ¥

dz| Of'

Finally, it is easily shown that the industry lobbying response to a world price
change is always weaker with employment adjustment than without it. The former

} is positive).

26 Adjustments in the economy’s labor market are dynamically stable if raising the value of the
marginal product of labor in the industry under consideration relative to the rest of the economy
attracts labor from the rest of the economy, even after accounting for adjustments in lobbying.
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* '

was expressed by (25); the latter is given by (li :ga. Given the assumption
V/d

that labor market adjustments are dynamically stable, a comparison of these
expressions shows that:
dA”

dr

dA®
27)— —
(27) in

di=0 dA=0

Hence, the influence of adjustable labor employment is such that it always
counteracts the lobbying effort. In fact, it possibly counteracts so strongly that it
leads to a reversal in the direction of the lobbying response. In all situations, the
firm’s ability to adjust its employment acts as a substitute for its ability to lobby.

9 Concluding Remarks

The lobbying-by-firms literature has long been plagued by the unrealistic
assumption that ‘money-buys-policies’, tracing its ‘formal’ presence all the way
back to the classic work of Olson (1965). One notable exception is Hillman (1991)
where lobbying consumes management time but not monetary resources. The most
disturbing implication of the ‘money-buys-policies’ assumption is that the inherent
free-rider problem is so severe that it becomes very difficult to explain why many
or all of an industry’s firms engage in lobbying. This difficulty is most pronounced
when firms are of different sizes. The characterization of lobbying as a repeated
game by Pecorino (1998), as a one-shot game with pre-play communication by
Mitra (1999), and as a common-agency game by Bombardini (2008) offer
potential resolutions to this logical inconsistency inherent in the usual pairing of
the money-buys-policies and all-firms-lobby assumptions. Pecorino’s repeated
game and Mitra’s pre-play communications models restore logical consistency of
these assumptions under the restriction that all firms of an industry are of the same
size. Bombardini’s common agency model is, to our knowledge, the only
successful attempt to establish logical consistency between the money-buys-
policies and many-firms-lobby assumptions when firms are allowed to be of
different sizes.
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This paper attempts to ‘deliver’ the lobbying-by-firms literature from the long
shadow cast by the (unrealistic) money-buys-policies assumption, while still — in
keeping with reality — according a role for money in the lobbying process. We
formulate a lobbying-by-firms model that is anchored in a more realistic
characterization of the lobbying process, where monetary contributions do not buy
policies, but buy access to politicians, and where the utilization of this access-time
has an opportunity cost — in terms of foregone management resources (as in
Hillman). Our, more realistically rooted, model does indeed rise to the challenge of
delivering an explanation for why we find different numbers of lobbying firms
with varying sizes in different industries. Further, it delivers an explanation for
another real-world phenomenon — where an increase in industry concentration
produces a (statistically) significant (at the 1% level) decrease in the extent of
“direct lobbying” by the industry — and vice-versa. This explanation is embodied
in the model’s result of how an increase in the inequality of the size-distribution of
an industry’s firms lowers the total extent of direct access (to politicians) that is
procured by the industry — and vice-versa.

Besides erecting a firm theoretical footing for the above real-world
phenomena, our model yields two additional insights. First, a cap on the lobbying-
contribution (or campaign contribution) of a firm, it is shown, actually leads to an
expansion in access procured by firms on whom the constraint is not binding.
Further, a non-lobbying firm may into a lobbying firm, resulting in an increase in
the number of lobbying firms. The fact that the cap may allow more firms to have
access to politicians imbues it (the cap) with some sort of a democratizing role,
leading perhaps to it being viewed in favorable light. However, if the goal of the
cap is certainly not to expand the policy-making influence of firms, then it comes
up short.

Second, a decline in world-price of an industry’s good can have the opposite,
‘undemocratic’ effect — while it expands the policy-making influence of the
‘largest’ firms in the industry, some ‘smaller’, previously lobbying firms (prior to
the price-decline) could turn into non-lobbying firms.

In building our lobbying-by-firms model, we swept aside large swaths of
issues regarding the information-exchange dynamic between management-staff
and the legislators, as well as how this dynamic ultimately shapes policy. Future
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research may be aimed at decoding this ‘black box’,27 which can help shed light
on questions of the sort: if politicians vary with respect to how ‘influential’ they
are in the legislative process, then should each firm target only the most
‘influential’ legislator, given that he/she has only a limited amount of time for
‘information-exchange’?
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Appendix A: Derivations of the Expressions for oA] /oK ; and

oA, oK
[Note: j=1,...M ;i=1..,M]

The M equations of (12) describe a non-cooperative equilibrium for the M

actually lobbying firms. Differentiating these functions with respect to K yields:
(A1)

(o, +p,) o, o, oo o, oA, 1K, S,
o, (o, +p,) o, oo o, oA, 10K | S,
O, o, (o3 +p3) . . o, OA; 10K | | S
Om o o . (o Fon) oA, 1K, ) S,

where: o, = [p"(A")g(L- A,) - p'(A")g'(L- A< 0,
pu =7+ P(AY)Ig"L- A)) - p'(A")g'(L- Ay)]< 0
form=1..,M;S_=0form=jandS,_ =—B/[Kj2f(/1)]<0 for m= j

Now, whether we can determine the expressions for 8A; /aK ; and oA / oK,
by simply applying Cramer’s rule would depend, of course, on whether the first
matrix on the LHS of (A.1) is non-singular. Let us check if this is so. The
determinant, A, of this matrix is given by:

(A2) A= Hpm{1+z /pm}
Sinceo,, <0 and p, <0, A>0 if M isevenand A <0 if M is odd.With

A # 0, the matrix is non-singular and we can indeed apply Cramer’s rule.
Applying this rule, then, it is easily determined that:
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_ 143 0u/) |

8AT B m# j
A3 & 1Kt w I >0
j j pj(1+2(0m/pm)j
(A4) gé :{Kzf(i)j i <0.
AN pip,-(1+2(6m/pm)J
m=1
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Appendix B: Derivation of the expression for oA] /ox

Differentiating the M equations of (12) with respect to 7, we obtain:

(B.1)
(o, +p1) o, o, o o, oA lor 0,
0, (0, +p,) 0, . 0, oA, | om g5
O3 O3 (03 +p3) - - O3 oA, | om _ 9;
Owm Owm O . (ow +pu) \OA, I o7 I

whereg/ =g'1l-A), i=L..,M and &, ,p, (where m=1,.. M) are as
defined earlier. Note that we can obtain the expression for 8A}’ / Oz by once again
applying Cramer’s rule. Applying this rule, then, it is determined that:

(B.2) A _ i;+ i((%am - gr’na,-)/(p,-pm))}/{Hi(Gm/pm)}

or pj m# j
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