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1 Introduction

The purpose of this paper is to study the e¤ects of credit constraints on
�rm�s investment, we follow the traditional approach to the analysis of the
investment function that is reviewed in Abel (1990) and Abel and Eberly
(1994). This approach has so far been used mainly to study the e¤ects
of irreversibility and lumpy capital adjustment, that are determined by the
existence of physical capital market imperfections and by physical capital
adjustment constraints. We extend the framework in order to account for
�nancial market imperfections and for the presence of credit constraints.
The e¤ects on the �rm�s investment patterns of physical capital market im-
perfections have been recently analyzed by a new �eld of literature, which
is reviewed in Bertola and Caballero (1990) and Caballero (1993, 1999).
These works use the neoclassical distinction between desired and actual cap-
ital stock rather than the stock-adjustment framework and model physical
capital market imperfections by making assumptions on the shape of the ad-
justment cost function. Within this approach the e¤ects of credit constraints
on �rm�s investment must however also be modeled by making of assump-
tions on the shape of the adjustment cost function. This feature introduces
in the framework a problem of identi�cation, since in this way the e¤ects
on �rm�s investment of changes in credit constraints cannot be distinguished
from those of other changes of the adjustment cost function.
The approach adopted in the paper, rather than concentrating on the ad-
justment cost function, follows previous research developed mainly for the
study of consumption and uses the traditional stock-adjustment framework
to characterize explicitly the �rm�s borrowing choices and the �rm�s borrow-
ing constraints.
The main results of the paper concern the relation between investment and
Tobin�s marginal q. The paper shows that as in the case of perfect �nancial
markets there is a positive relation between �rm�s investment and marginal
q, however in the presence of �nancial constraints there is an upper bound
to �rm�s investment and in each time period investment is constant if the
�rm�s marginal q is greater than or equal to a given value. A second result
concerns the e¤ects of credit constraints on the �rm�s marginal q, the paper
shows that the �rm�s marginal q is the sum of a component representing the
expected present discounted value of �rm�s pro�tability and of an external �-
nance premium that is de�ned by the �rm�s expectations about future credit
conditions. In the presence of credit constraints the �rm�s current marginal
q is greater than in the case of perfect �nancial markets because additional
marginal units of the physical capital stock allow for additional marginal
investment when the �nancial constraints are binding. These �ndings con-
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form to a similar pattern that is usually found in studies of the consumption
function and is well described in Deaton (1992), they have an important im-
plication for applied econometric research since they suggest that measures
of expected future credit conditions should be an important component of
estimated investment equations.
Moreover, the study of the �rm�s �nancial structure is an important subject
in the theory of modern �nance, as illustrated for example in Merton (1990),
and some important results in the paper concern the relation between the
shadow price of �rm�s debt and �nancial constraints. In the case of perfect
�nancial markets, the �rm�s investment choices are independent from the
�rm�s �nancial structure and the shadow price of �rm�s debt is de�ned by
the interest payments that must be a¤orded by the �rm for each additional
marginal unit of debt. In the presence of �nancial market imperfections
instead the �rm�s �nancial structure is important, since in each period of time
additional marginal units of debt entail greater interest payments and this in
turn implies that investment must be lower when the �nancial constraints are
binding. The paper shows that with imperfect �nancial markets the shadow
price of �rm�s debt is the sum of the interest payments on each additional
marginal unit of debt and of a provision for external �nance that is de�ned
in terms of the �rm�s expectations about future credit conditions.
Finally, we mention that following the more recent research on the invest-
ment function, the modeling choice adopted in the paper involves the use of a
continuous time framework, where uncertainty in the underlying processes is
modeled assuming that the stochastic state variables follow di¤usion processes.
This choice allows to provide closed form solutions for the investment func-
tion and the other main features of the model.
The structure of the paper is the following. Section 2 de�nes the model.
Section 3 characterizes the �rm�s optimization problem. Section 4 studies
the �rm�s investment function. Section 5 characterizes the shadow price of
capital and its behavior in the presence of �nancial constraints. Section 6
describes the e¤ects of �nancial structure on the shadow price of �rm�s debt.
Section 7 concludes.

2 The model

Following previous research by Abel (1983), Abel and Eberly (1994) and
Bertola and Caballero (1994), the main elements of the model are character-
ized with reference to the �rm�s cash-�ow and to the variables that determine
its time variation. In the case of perfect �nancial markets analyzed in these
works, the main components of the �rm�s cash-�ow at any given instant of
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time t, are the short-run pro�t function and the adjustment cost function.
In the present work we study the case of imperfect �nancial markets and
therefore the �rm�s cash �ow includes also a term describing the net balance
resulting from the �rm�s �nancial choices.
The short-run pro�t function de�nes the �rm�s operating pro�t at time t,
it is usually assumed that it is a function of two state variables, the �rm�s
physical capital stock at time t and a stochastic variable representing the
�rm�s productivity and external market conditions such as the output price.
We let the pro�t function be denoted as � (Kt; "t), where Kt represents the
�rm�s physical capital stock and "t the stochastic variation on the �rm�s prof-
itability at time t, and assume that it is increasing, concave and continuously
di¤erentiable, such that: �K (Kt; "t) � 0, �" (Kt; "t) � 0, �KK (Kt; "t) � 0
and �"" (Kt; "t) � 0.
The motion of the physical capital stock is determined according to the fol-
lowing continuous time stock-adjustment equation:

dKt

dt
= It � �Kt (2.1)

where � is the exogenous rate of physical capital depreciation and It is �rm�s
investment at time t.
We assume in addition that the motion of the stochastic state variable "t is
described by a di¤usion process, such that letting d"t denote the increment
of the process in an interval of time of length dt! 0:

d"t = � ("t; t) dt+ � ("t;t) dzt (2.2)

where the functions � ("t; t) and � ("t; t) de�ne the drift and the variance of
the process at time t and are assumed to be continuous and zt takes the
form of a standard Brownian motion or Wiener process.1

The characterization of the short-run pro�t function is important for empir-
ical studies of particular industries or when the research interest regards the
e¤ects of particular variables or sources of uncertainty on the �rm�s patterns
of investment. While we de�ne the stochastic state as a single random vari-
able, the �rm might be subject to more than one source of uncertainty and
to take this into account the stochastic state variable could be modeled as a
vector. We make the assumption of a single stochastic state variable since it

1A standard brownian motion is a stochastic process such that, given an initial condition
z0, its increment at any instant of time over a time interval of length dt! 0 is distributed
as a normal random variable with mean zero and variance dt, and for disjoint intervals dt
and d� the increments dzt and dz� are stochastically independent. The standard brownian
motion or Wiener process can be derived as the continuous time limit of a random walk,
see for example Billingsley (1968).
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simpli�es the analysis and given the purpose of the work the extension to a
stochastic state vector would not give any additional insights.2

The adjustment cost function is usually composed of various components,
which include purchase, sale and other variable costs of adjustment and �xed
costs of adjustment. For the purposes of the present analysis we suppose that
the adjustment cost function is de�ned as the sum of a convex adjustment
cost component and of a �xed cost component. Let a(It; Kt) represent the
variable costs of adjustment and a0 the �xed cost of adjustment. We assume
that the function a(It; Kt) is convex and continuously di¤erentiable, with a
minimum at It = 0, such that aI(It; Kt) � 0 for It � 0, aI(It; Kt) � 0 for
It � 0 and aII(It; Kt) � 0, for all It and Kt. We also assume a(0; Kt) = 0 for
all Kt and aK(It; Kt) � 0 for all It and Kt, the �rm does not incur in any
variable adjustment cost when It = 0 moreover we suppose that the costs of
adjustment decrease as the capital stock increases, since additions to capital
stock become then relatively less important. The �xed cost of adjustment
must be incurred only when It > 0 (or when It < 0, however, we will shortly
rule out this latter case).
Denoting with c(It; Kt) the total adjustment cost function, the above assump-
tions imply that c(It; Kt) is equal to zero when the �rm is not investing, so
that c(0; Kt) = 0 for all Kt, and is equal to the sum of the variable and �xed
costs of adjustment otherwise, therefore c(It; Kt) = a0 + a(It; Kt) for It > 0
and for all Kt. Note that due to the presence of a �xed cost component
limIt!0 c(It; Kt) = a0 and this implies that marginal investment projects will
not be undertaken. The �xed cost of adjustment de�nes a threshold for the
increase in pro�tability below which the �rm will not �nd it optimal to adjust
its capital stock. Secondly, since convexity of the variable cost component
implies c(It; Kt) > a0 for It < 0 and the marginal product of capital is posi-
tive for all Kt and "t, in each time period the �rm will not �nd it optimal to
undertake negative investment.
The assumptions on the adjustment cost function imply that �rm�s invest-
ment is characterized by discontinuous adjustment and lumpiness, such that
periods of investment inactivity are followed by periods with relatively high
levels of investment. Moreover, since negative investment is ruled out by
assumption, �rm�s investment is also characterized by irreversibility. These

2Various studies have analyzed the implications of di¤erent market structures and dif-
ferent sources of uncertainty on �rm�s investment behaviour. A survey of models and
empirical works can be found in Dixit and Pindyck (1994). Extensions to more than one
stochastic state variable have also been concerned with the distinction between aggregate
and idiosyncratic uncertainty and its implications for modeling aggregate investment. Re-
search in this �eld can be found for example in the works of Bertola and Caballero (1990,
1994), Caballero and Engel (1999) and Caballero, Engel and Haltiwanger (1995).
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properties conform to the investment patterns that are usually found in em-
pirical studies, which show that at the �rm�s level investment mostly occurs
through discrete jumps, that periods of investment inactivity are relatively
frequent and that negative capital adjustment patterns follow mainly the
patterns of physical capital depreciation.3

Finally, we suppose that in each time period the �rm can issue debt at a
constant borrowing interest rate r and we let Bt denote the �rm�s debt stock
at time t and Nt the �rm�s new debt issue at time t. With these assumptions
the �rm�s cash-�ow at time t can be de�ned as:

'(It; Nt) = �(Kt; "t)� c(It; Kt)� rBt +Nt (2.3)

where for ease of exposition the dependence of the �rm�s cash �ow on the
values of the physical capital stock Kt, the �rm�s debt stock Bt and the
stochastic state variable "t is assumed implicitly.
Since interest on the stock of debt is paid by the �rm in each time period,
the time pattern of the �rm�s debt stock is determined by new debt issue
according to the following di¤erential equation:

dBt
dt

= Nt (2.4)

Following the approach that is illustrated in Deaton (1991) for the consump-
tion function, in order to model borrowing constraints in an imperfect �nan-
cial market, we assume that there is an upper bound N to the amount of
debt that the �rm can issue in each time period:

Nt � N (2.5)

Moreover, we assume that cash-�ow is paid out as dividends to shareholders
and restrict cash-�ow to be non-negative in each time period:

�(Kt; "t)� c(It; Kt)� rBt +Nt � 0 (2.6)

we can interpret this condition as a restriction on the issue of new shares.4

3Empirical evidence on �rm�s level investment can be found in the works of Doms and
Dunne (1998) and Cooper, Haltiwanger and Power (1999).

4The approach of modeling credit constraints imposing an upper bound on the amount
of new debt issue has been largely followed in the empirical literature on the consumption
function, among others in the works of Hayashi (1985), Zeldes (1989) and Runkle (1991).
In the literature on �rm�s investment the approach of modeling �nancial constraints in
terms of restrictions on the �rm�s cash-�ow and new debt issue has been previously used
in the empirical works of Whited (1992) and Hubbard, Kashyap and Whited (1995).
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The objective of the �rm is to maximize the value to shareholders and there-
fore the �rm�s optimization problem is to maximize the expected present
discounted value of �rm�s cash �ow:

V (Kt; Bt; "t) = max
fI� ;N�g+1�=t

Et

+1Z
t

'(I� ; N� )e
��(��t)d� (2.7)

where � is the exogenous discount factor, subject to the physical capital
accumulation equation (2.1), the law of motion of the stochastic state vari-
able (2.2), the �rm�s outstanding debt accumulation equation (2.4) and the
�nancial constraints de�ned by equations (2.5) and (2.6).
In the case of imperfect �nancial markets we are considering we require r � �
so that the factor that is used to discount cash value to share-holders is
characterized by a premium over the rate at which the �rm can borrow in the
�nancial market. Given the above model, the case of perfect �nancial markets
obtains as the limit for N ! +1, by removing the cash-�ow constraint and
letting the exogenous discount factor equal to the �rm�s borrowing rate.

3 The �rm�s optimization problem

It is easy to show, by an application of Itô�s lemma and l�Hôpital�s rule, that
the Bellman equation for the optimization problem de�ned in the previous
section is the following:

�V (Kt; Bt; "t) = max
It;Nt

�
�(Kt; "t)� c(It; Kt)� rBt +Nt + Et

dV

dt

�
(3.1)

where the maximization problem is subject to the inequality constraints de-
�ned in equations (2.5) and (2.6) and the term EtdV=dt is de�ned as follows:

EtdV

dt
= VK(Kt; Bt; "t)(It � �Kt) + VB(Kt; Bt; "t)Nt + (3.2)

V"(Kt; Bt; "t)�("t; t) +
1

2
V""(Kt; Bt; "t)�("t; t)

2

Equation (3.1) can be interpreted as a no-arbitrage condition on the value of
the �rm at time t. Given the exogenous discount factor �, the term on the
left-hand side represents the required normal return on the �rm�s value. The
term on the right-hand side is the sum of two components, the instantaneous
return to share-holders at time t, which is represented by the �rm�s cash-�ow
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and follows from the �rm�s optimal choices of investment and new debt issue,
and the expected capital gain on the �rm�s value.5

In order to analyze the �rm�s optimization problem, we �rst note that in
the presence of �xed costs of adjustment the choice of the optimal level of
investment at time t is made in two stages The �rm must �rst decide whether
to invest, and therefore a¤ord the �xed cost of capital adjustment, or not to
invest and then it must choose the optimal level of investment. To begin the
analysis of the �rm�s optimization problem however its preferable to abstract
from the �rm�s choice on whether to invest or not to invest, this allows to
clarify some of the main features of �rm�s problem.6

For the purposes of the analysis it is useful to de�ne the multipliers qt =
VK(Kt; Bt; "t), representing the marginal value of an additional unit of phys-
ical capital stock at time t, and qBt = VB(Kt; Bt; "t), representing the marginal
value of an additional unit of debt at time t. Following Hayashi (1982), qt is
usually referred to as Tobin�s marginal q or as the shadow price of capital,
we can similarly refer to qBt as the shadow price of �rm�s debt.
Given the above de�nitions consider the value function Ht = �c(It; Kt) +
qtIt+(1+ q

B
t )Nt where we suppose that investment It and new debt issue Nt

are held at their optimal values. The function Ht is the sum of two terms,
the �rst term �c(It; Kt) + qtIt can be interpreted as the value of investment
at time t net of the cost of adjustment, when each unit of investment is
priced at its marginal value qt, the second term (1 + qBt )Nt represents the
net return from the �rm �nancial choices. In each period of time the value
function Ht and the normal return on the value of the �rm di¤er only by
a constant term, therefore the �rm�s optimization problem can be studied
using the value function Ht as the objective.
The optimal values of investment and new debt issue are determined at every
instant of time t conditionally on the state variables. We will show that,
similarly to the case of perfect �nancial markets, in the presence of credit
constraints optimal investment is a non-decreasing function of the shadow
price of capital qt. In addition, we will show that the characterization of the
investment function is su¢ cient to characterize the optimal function for new

5Note that by equation (2.9) the expected capital gain on the �rm�s value is the sum
of a component that depends on the �rm�s choices about the rate of physical capital
accumulation and debt issue and on the drift of the stochastic state variable at time t
and of a component that takes into account of the e¤ects of uncertainty. An introduction
to continuous-time stochastic dynamic programming can be found in Malliaris and Brock
(1982) and more advanced treatment in Karatzas and Shreve (1988).

6One may suppose for example that the �xed cost a0 is equal to 0, alternatively one
may suppose that a choice for investing has been made. Note that the latter choice is
actually made by the �rm conditionally on the information on the optimal value that
would be obtained by a¤ording the �xed cost of adjustment.
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debt issue. This will follow from the consideration that when the liquidity
constraints are not binding the �rm is indi¤erent as to the level of new debt
issue and when the constraints are binding the �rm is holding new debt issue
at the upper bound N .
Since the �rm�s maximization problem is subject to an inequality constraint
on the amount of new debt issue and to a non-negativity constraint on cash-
�ow, in each period of time t at the optimal values of investment and new debt
issue the following complementary slackness conditions must be satis�ed:

cI(It; Kt) � qt (3.3)

and:
qBt � �

qt
cI(It; Kt)

(3.4)

Moreover, the structure of the �rm�s problem moreover implies either that
both the constraint on new debt issue and the cash-�ow constraint are binding
or that both constraints are not binding, the intermediate cases when only
one constraint is binding can obviously be ruled out.
When both the credit and the cash-�ow constraint are not binding equations
(3.3) and (3.4) hold with equality. Equation (3.3) in this case states that
at the optimal level of investment the marginal cost of additional units of
the physical capital stock cI(It; Kt) must be equal to its marginal value qt.
Equation (3.4) states that the marginal value of an additional unit of debt
qBt must be equal to �1. The equality between the marginal cost and the
marginal value of capital has the usual interpretation. In order to interpret
the second condition, note that by construction of the �rm�s problem each
unit of debt in the long-run is repaid as interest payment at a constant interest
rate r. Given the exogenous discount factor � the present discounted value
of such payments is �r=� which is greater than or equal to �1, since in the
case of imperfect �nancial markets we are considering we are assuming that
r � �. The condition therefore states that there are additional provisions
over debt repayment, that must be a¤orded by the �rm for each marginal
additional unit of debt. We will clarify below that these provisions depend
on the possibility �nancing investment activity through external debt and
are related to the �rm�s expectations over future �nancial conditions. In
any event the condition implies that when the �nancial constraints are not
binding the �rm is indi¤erent as to the level of new debt issue, since each
additional marginal unit of debt in the long run gets repaid.7

7In the case of perfect �nancial markets, r = � and this implies that �r=� = �1 and
therefore that there are no provisions over debt repayment that must be a¤orded by the
�rm for each additional marginal unit of debt.
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Finally, we consider that since when the constraints are not binding the �rm
is indi¤erent as to the level of new debt issue at time t and hence Nt � N ,
this in turn implies that Bte��t � B0e

��t + Nte��t. Note however that
limt!+1B0e

��t + Nte��t = 0 and since we are assuming Bt � 0 for all t,
then limt!+1Bte

��t = 0. The upper bound on new debt issue therefore rules
out investment �nanced through unlimited borrowing.
In order to interpret equations (3.3) and (3.4) when the liquidity constraints
are binding de�ne the multipliers @Ht=@N and @Ht=@', where ' = 0 denotes
the lower bound on cash-�ow implied by the non-negativity constraint. The
multiplier @Ht=@N represents the shadow price of an additional marginal unit
of new debt at time t and the multiplier @Ht=@' represents the shadow price
of an additional marginal unit of cash-�ow at time t, when the constraints
on new debt issue and the cash-�ow constraint are binding. Both multipliers
are non-negative and they are equal to 0 when the liquidity constraints are
not binding, since in this latter case there is no additional gain for the �rm
from loosening the �nancial constraints.
When both the �nancial constraints are binding, then equation (3.3) implies
that at the optimal path for investment the marginal value of an additional
unit of physical capital stock is above its marginal cost. Since marginal
costs are an increasing function of It, the �rm would like to increase in-
vestment so as to equate marginal costs with marginal bene�ts, however,
it runs in an upper bound, which is determined in relation to the con-
straint on new debt issue and to the non-negativity constraint on cash-�ow.
The analysis of the �rm�s optimization problem reveals that in this case
qt� cI(It; Kt) = cI(It; Kt)@Ht=@', such that the di¤erence between the mar-
ginal value of the capital stock and its marginal cost is equal to the shadow
price of an additional marginal unit of cash-�ow times the marginal cost of
investment. This latter quantity represents the shadow value of an additional
marginal unit of investment obtained by loosening the cash-�ow constraint.
Given that the marginal value of the physical capital stock is greater than its
marginal cost, the �rm would gain from loosening the �nancial constraints,
since this would make additional marginal investment possible and condition
(3.3) represents this gain.
Similar considerations hold for condition (3.4), in this case it is possible
to show that qBt = �1 + @Ht=@N � @Ht=@', such that once the e¤ects of
debt repayment have been taken into account there are additional provisions
over debt repayment that a¤ect the marginal value of an additional unit of
debt. This marginal provisions are equal to the net marginal gain that would
be obtained by loosening the constraint on new debt issue, once the e¤ects
of the marginal additional investment that would in this way be allowed
through the additional marginal available cash-�ow are subtracted from the
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computation.8

4 The investment function and the value of
the �rm

In order to derive the optimal investment function we recall �rst that in the
presence of �xed costs of capital adjustment the �rm optimization problem
can be decomposed in two steps, the decision on whether to invest and thus
incur in the �xed cost of adjustment and the decision on the optimal amount
of investment. When the �rm is investing there are moreover two situations of
interest, the case where the �nancial constraints are not binding and the case
where they are binding. We develop the analysis of the investment function
considering �rst the �rm�s choice of whether or not to invest assuming that
the �nancial constraints are not binding and then describe the behavior of
the function in the range of binding �nancial constraints.
The decision on whether or not to invest is made by the �rm comparing the
value that would be obtained when not investing with the value that would
result from investing and a¤ording the �xed cost of capital adjustment. When
the �rm is not investing It = 0 and the �rm does not run in any cost of capital
adjustment such that c(0; Kt) = 0, moreover the �nancial constraints in this
case are not binding and therefore from the analysis of the previous section
it follows that 1 + qBt = 0. Hence, when the �rm is not investing Ht = 0 and
this implies that at time t the �rm would be willing to undertake a positive
investment policy only as long as Ht � 0 for It > 0.
If the �rm is investing instead and the �nancial constraints are not binding
it can be shown that investment is a smooth function of marginal q, since
the results described in the previous section imply that in this case condition
(3.3) holds with equality and therefore the marginal cost of investment is
equal to the marginal value of the physical capital stock. The assumptions
on the adjustment cost function imply that on the positive investment range
the marginal cost function is increasing, this in turn implies that optimal
investment at time t is an increasing function of the marginal value of the
physical capital stock qt:

I(qt) = c
�1
I (qt) (4.1)

where for simplicity the dependence of optimal investment on the level of the
physical capital stock at time t has been omitted and by an application of

8A more extensive development of this last point is contained in the mathematical
appendix, where formal derivations of the multipliers @Ht=@N and @Ht=@' are provided.
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the implicit function theorem Iq(qt) = 1=cII(I(qt); Kt) � 0.9
When the �rm is investing and the credit constraints are not binding condi-
tion (3.4) also holds with equality so that 1 + qBt = 0. Equation (4.1) then
implies that the value function Ht is an increasing and convex function of
shadow price of capital:

H(qt) = qtI(qt)� c(I(qt); Kt) (4.2)

where Hq(qt) = I(qt) � 0 and Hqq = Iq(qt) � 0, we note for later use that
the shape of the value function also implies that limqt!0+ H(qt) = �a0 such
that as the shadow price of physical capital converges to 0 from above the
value taken by the value function converges to the opposite of the �xed cost
of capital adjustment.
The �rm will take a positive investment policy at time t and therefore a¤ord
the �xed cost of adjustment only as long as H(qt) � 0, by equation (4.2) this
condition requires the shadow price of capital to be greater than the average
adjustment cost, such that qt > c(I(qt); Kt)=I(qt). Since in equilibrium qt
is equal to the marginal cost of adjustment cI(I(qt); Kt) in the presence of
�xed costs of adjustment the �rm will �nd it worth to undertake investment
activity only as long as the marginal costs of adjustment are greater than
the average costs.
Since the value function is increasing and continuous we suppose therefore
that in every time period there exist a value eq of the shadow price of physical
capital such that H(eq) = 0 or eq = c(I(eq); Kt)=I(eq) and the �rm is indi¤erent
between investing and not investing. For values of qt < eq the �rm will
�nd it optimal not to invest, since the �xed costs component imply costs
of physical capital adjustment that are greater then the expected present
discounted value of additional investment, while for qt > eq the �rm will �nd
it worth to adopt a positive investment policy.10

To complete the analysis we need to characterize the case when the �rm
is adopting a positive investment policy and the �nancial constraints are
binding. In this case the constraint on new debt issue holds with equality
such that Nt = N and this in turn implies that investment is at an upper
bound It = I > 0, because costs of adjustment are increasing in It in the
positive investment range and the cash-�ow constraint implies that c(I;Kt) =
�(Kt; "t)�rBt+N . Since the investment function de�ned in equation (4.1) is

9In equation (4.1) we are implicitely assuming that the marginal investment cost func-
tion is invertible. We will keep to this assumption throughout the analysis.
10When the �xed costs of capital adjustment a0 are equal to 0, eq = 0 and therefore the

condition qt > eq is satis�ed as long as qt > 0: For positive values of a0 the �xed cost of
adjustment are spread over each unit of additional investment at time t, when the �rm
decides to invest and therefore to a¤ord such a cost.
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an increasing function of qt, the investment upper bound I which is attained
when the liquidity constraints are binding de�nes a value q, such that I(qt) =
I for qt � q. We summarize the main �ndings regarding the �rm�s value
function and the �rm�s investment function in the following propositions.

Proposition 4.1 : In the presence of �xed costs of adjustment and �nancial
constraints investment is a non-decreasing function of qt. In each time period
t there exist a value eq = c(I(eq); Kt)=I(eq) such that I(qt) = 0 for qt � eq and
I(qt) > 0 for qt > eq. Moreover, there exist a value q such that c(c�1I (q); Kt) =
�(Kt; "t)� rBt +N and for all qt � q investment I(qt) is at an upper bound
I = c�1I (q) . In the range eq � qt � q investment at time t is de�ned by
equation (4.1) as I(qt) = c�1I (qt) an increasing function of qt.

Proof : Appendix A.

A graphical illustration of the investment function is reproduced in �g. 4.1 for
the case where the slope of I(qt) is decreasing in qt in the range eq � qt � q,
note that the curvature of the investment function depends on additional
assumptions concerning the shape of the adjustment costs function.

Proposition 4.2 : In the presence of �xed costs of adjustment and credit
constraints the value function is an increasing function of qt. In each time
period t there exist a value eq = c(I(eq); Kt)=I(eq) such that H(qt) = 0 for
qt � eq and H(qt) > 0 for qt > eq. Moreover, there exist a value q such that
c(c�1I (q); Kt) = �(Kt; "t) � rBt + N and for all qt � q investment I(qt) is
at an upper bound I = c�1I (q) and H(qt) = qtI � c(I;Kt) + (1 + q

B
t )N . In

the range eq � qt � q the value function is H(qt) = qtI(qt) � c(I(qt); Kt)
an increasing and convex function of qt, while for all qt � q it holds that
H(qt) � qtc�1I (qt)� c(c�1I (qt); Kt).

Proof : Appendix A.

The last part of proposition 4.2 states that for qt � q the value function
H(qt) is lower than or equal to the value that would be attained in the
absence of �nancial constraints. Note that throughout the analysis we have
assumed that eq � q, this condition however is not always required. The value
function is depicted graphically in �g. 4.2.
Finally, we note that since in each period of time the costs of capital adjust-
ment are a decreasing function of the physical capital stock Kt and �rm�s
pro�ts are an increasing function of Kt, for each given level of the upper
bound N on new debt issue the investment upper bound I is increasing in
Kt. Similarly, since �rm�s pro�ts are an increasing function of the stochastic
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state variable "t, the investment upper bound I is increasing in "t. In addi-
tion, since interest payments are an increasing function of �rm�s debt stock
Bt, the investment upper bound I is decreasing in Bt. It is also straight-
forward to show that @I=@N = 1=cI(I;Kt) � 0 and that since the capital
adjustment cost function is convex @2I=@N

2 � 0 such that for each level
of the physical capital stock the investment upper bound is an increasing
and concave function of the upper bound on new debt issue. Note also that
limN!+1 I = +1. These conditions can be easily interpreted considering
that cI(I;Kt) is the marginal cost of installing one more unit of capital when
the �nancial constraints are binding and the level of the physical capital stock
is Kt. The locus of the relation between the upper bounds on investment
and new debt issue is illustrated in �g. 4.3.

5 The external �nance premium and the shadow
price of capital

Having characterized investment as a function of the shadow price of capital
qt, in this section we provide a description of the dynamics of qt and show how
its value in each time period is determined by the �rm�s marginal pro�tability
and by present and future �nancial constraints. We will see in particular
that the presence of �nancial constraints determine a positive premium on
the shadow price of capital, which we refer to as external �nance premium.
In order to characterize the shadow price of capital consider the Bellman
equation for the �rm�s optimization problem de�ned in equations (3.1) and
(3.2) and suppose that �rm�s investment It and new debt issue Nt are at
their optimal values. Di¤erentiating the Bellman equation with respect to
Kt and noting that qt = VK(Kt; Bt; "t) implies qKt = VKK(Kt; Bt; "t), qBt =
VBK(Kt; Bt; "t), q"t = V"K(Kt; Bt; "t) and q""t = V""K(Kt; Bt; "t) such that by
an application of Itô�s lemma Etdq=dt = qKt(It� �Kt)+ qBtNt+ q"t�("t; t)+
1
2
q""t�("t; t)

2, we get the following equality for the shadow price of capital:

(�+ �)qt = �K(Kt; "t)� cK(It; Kt) + �(Kt; Bt; "t) +
Etdq

dt
(5.1)

where the function �(Kt; Bt; "t) is de�ned as follows:

�(Kt; Bt; "t) = cI(It; Kt)
@Ht
@'

@It
@Kt

(5.2)

Equation (5.1) can be interpreted as a no-arbitrage condition on the shadow
price of capital qt. The term on the left hand side represents the required nor-
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mal return on the shadow price qt, which includes a provision for physical cap-
ital depreciation. The term on the right hand side is composed of four com-
ponents, the marginal pro�tability of the physical capital stock �K(Kt; "t),
a provision for the costs of capital adjustment �cK(It; Kt), an allowance for
the �nancial constraints �(Kt; Bt; "t), and the capital gain Etdq=dt.
The term �cK(It; Kt) is the provision for the costs of physical capital adjust-
ment and following recent contributions by Chirinko (2004a, 2004b) we can
refer to this term as to an irreversibility premium, note that by assumption
�cK(It; Kt) � 0. This term captures the increases in the �rm�s pro�tabil-
ity that arise from marginal additions to the physical capital stock, as a
consequence of the gains in the e¢ ciency of the process of physical capital
adjustment.
The term �(Kt; Bt; "t) is the allowance for the �nancial constraints and we
refer to this term as to an external �nance premium. The results in the pre-
vious sections imply that �(Kt; Bt; "t) � 0 in all periods of time t and this
relation holds with equality only in periods of time when the �nancial con-
straints are not binding. The external �nance premium arises in the presence
of �nancial constraints, because when the constraints are binding there is a
positive value to each additional marginal unit of the physical capital stock,
which is given by the di¤erence between the shadow price and the marginal
cost of capital. In equation (5.2) the value of an additional marginal unit of
the physical capital stock is represented by the factor cI(It; Kt)@Ht=@'.11

It is interesting to note that the irreversibility and external �nance premi-
ums are somehow related, since the e¢ ciency gains in the process of capital
adjustment that follow from additional marginal units of the physical capi-
tal stock at time t, imply that additional investment can be a¤orded when
the constraints are binding and marginal units of the physical capital stock
become available to the �rm, or that @It=@Kt � 0.
The shadow price of capital can be further characterized considering that
equation (5.1) is a stochastic partial di¤erential equation in qt whose solution
can be obtained applying an important result that originates in the theory
of quantum mechanics, known as Feynman-Kac theorem:

qt = Et

+1Z
t

(�K(K� ; "� )� cK(I� ; K� ) + �(K� ; B� ; "� ))e
�(�+�)(��t)d� (5.3)

11Formally, for a complete characterization of the external �nance premium the
right-hand side of equation (5.2) should include the additional term (@Ht=@N �
@Ht=@')@Nt=@Kt. However, this term is always equal to 0, since when the �nancial
constraints are not binding @Ht=@N � @Ht=@' is equal to 0 and when the �nancial con-
straints are binding @Nt=@Kt is equal to 0.
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Equation (5.3) states the shadow price of capital at time t is equal to the
expected present discounted value of the marginal pro�tability of capital,
where provisions are made for both irreversibility and �nancial constraints.12

Since the external �nance premium �(K� ; B� ; "� ) is greater than or equal to
zero in each period � � t, equation (5.3) shows that in each period of time
the shadow value of capital qt is greater than or equal to the value that would
obtain in the case of perfect �nancial markets. In the presence of �nancial
constraints, the �rm anticipates future constraints and gives a greater value
to current investment in each period t. Moreover, since �rm�s investment
is a non-decreasing function of the shadow price of capital and the �rm�s
expectations over future �nancial constraints raise the shadow price of capital
qt, in each period of time investment is positively a¤ected by future �nancial
constraints. The de�nition of the external �nance premium �(K� ; B� ; "� )
shows that this happens because current marginal additions to the physical
capital stock, allow marginal additional investment to take place in future
periods characterized binding �nancial constraints. This result should be
compared with the analogous �nding in the consumption function literature,
of a negative e¤ect of future �nancial constraints on current consumption
with a correspondingly positive e¤ect on current household savings.13

In order to complete the description of the properties of the shadow price
of capital, we note that an alternative interpretation of the external �-
nance premium can be obtained by rewriting the dynamic equation for qt as
(�+ �)qt � Etdq=dt = �K(Kt; "t)� cK(It; Kt) + �(Kt; Bt; "t). In this version
of the stochastic partial di¤erential equation for qt the term on the left-hand
side represents the shadow marginal user cost of physical capital, which is
obtained subtracting from the required normal return (�+�)qt on the shadow
price of capital qt the expected capital gain Etdq=dt and where the normal
return includes a provision for physical capital depreciation. The term on the
right-hand side is the sum of three components, the marginal pro�tability of
capital, the provision for irreversibility and the external �nance premium.
Note that both the provision for irreversibility and the external �nance pre-
mium raise marginal user cost of capital at each time t. This version of
equation (5.1) is also usually referred to as a Euler equation and turns out
to be particularly useful in the context of econometric estimation.

12For a formal derivation of the Feynman-Kac theorem see Karatzas and Shreve (1988,
pp. 267 ss.).
13In the context of household models the e¤ects of expectations on future liquidity

constraints on current consumption and saving are illustrated in Deaton (1991, 1992) and
in the references cited therein.
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6 The shadow price of �rm�s debt

Finally, we provide a characterization of the shadow price of �rm�s debt qBt
and a description of the external �nance premium in relation to this quantity,
this will allow to provide a support for the condition stated at the beginning
of the analysis that the �rm must issue debt at a borrowing rate that is lower
than or equal to the exogenous discount rate and to provide some additional
insights on the �rm�s optimization problem.
We proceed in a similar way as for the shadow price of capital. Di¤erentiating
the Bellman equation de�ned in equations (3.1) and (3.2) with respect to Bt
and noting that qBt = VB(Kt; Bt; "t) implies qBKt = VKB(Kt; Bt; "t), qBBt =
VBB(Kt; Bt; "t), qB"t = V"B(Kt; Bt; "t) and qB""t = V""B(Kt; Bt; "t) such that by
an application of Itô�s lemma EtdqB=dt = qBKt(It��Kt)+q

B
BtNt+q

B
"t�("t; t)+

1
2
qB""t�("t; t)

2, we get the following equality for the shadow price of �rm�s debt:

�qBt = �r + �B(Kt; Bt; "t) +
Etdq

B

dt
(6.1)

where the function �B(Kt; Bt; "t) is de�ned as:

�B(Kt; Bt; "t) = cI(It; Kt)
@Ht
@'

@It
@Bt

(6.2)

Equation (6.1) can be interpreted as a no-arbitrage condition on the shadow
price of �rm�s debt. The left-hand side represents the normal return on the
shadow price of debt at time t. The right-hand side is composed of three
terms the marginal interest cost r of an additional unit of debt at time t, a
provision for external �nance �B(Kt; Bt; "t) and the capital gain EtdqB=dt.
Equation (6.2) shows that the provision for external �nance is lower than or
equal to zero in each time period so that �B(Kt; Bt; "t) � 0 for all t and this
equation holds with equality in periods of time where the �nancial constraints
are not binding. In particular, according to (6.2) �B(Kt; Bt; "t) is equal to
the marginal loss to share-holders of an additional marginal unit of debt at
time t. The analysis in the previous sections shows that this marginal loss
results from lower investment and therefore it is proportional to the factor
cI(It; Kt)@Ht=@'. The latter represents the marginal gain from a marginal
additional unit of cash-�ow at time t that would be obtained through in-
vestment in physical capital. Since additional debt at time t however entails
lower investments @It=@Bt � 0 and therefore the marginal value of additional
debt at time t is lower than or equal to zero.14

14Similarly to the analysis of the shadow price of capital, formally the right-hand side
of (6.2) should include the additional term (@Ht=@N � @Ht=@')@Nt=@Bt, however this
term is always equal to 0.
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In order to solve for the shadow price of �rm�s debt qBt , we note that similarly
to the shadow price of capital equation (6.1) is a stochastic partial di¤erential
equation that can be solved applying the Feynman-Kac theorem. The result
is the following:

qBt = �
r

�
+ Et

+1Z
t

�B(K� ; B� ; "� )e
��(��t)d� (6.3)

Equation (6.3) shows that the shadow price of �rm�s debt is composed of
two terms. The �rst term �r=� is the expected present discounted value of
interest payments of an additional unit of debt at time t. Since the �rm�s
borrowing rate r is lower than the exogenous discount factor �, this term is
greater than or equal to �1. The second term represents the additional pro-
visions on the �rm�s debt that are related to the current and future borrowing
constraints. Since the external �nance premium �B(K� ; B� ; "� ) is lower than
or equal to zero in each period � � t then this term is also lower than or equal
to zero. This additional provisions represent the expected future marginal
costs of an additional unit of debt at time t, that depend on the marginal
reductions of the level of investment in physical capital, that occur in the
presence of binding constraints as a consequence of the marginal increase in
�rm�s debt at time t.
Similarly to the analysis of the shadow price of physical capital we conclude
by noting that the dynamic equation for the shadow price of �rm�s debt
could be rewritten as �qBt � EtdqB=dt = �r + �B(Kt; Bt; "t). The term on
the left hand side of this expression can be thought of as a shadow marginal
borrowing rate for the �rm at time t, the right hand side shows that this
marginal rate is equal to the sum of the interest payments on �rm�s debt and
to the premium provisions of each additional unit of debt that arise when
the �nancial constraints are binding.

7 Concluding remarks

The previous sections have presented a model of �rm�s investment under
uncertainty characterized by �nancial market imperfection and have analyzed
the e¤ects of credit constraints on �rm�s investment. The analysis shows that
similarly to the case of perfect �nancial markets in each time period there is
a positive relation between �rm�s investment and the �rm�s shadow value of
capital or marginal q. However, in the presence of credit constraints there is
an upper bound to �rm�s investment and in each time period investment is
constant for values of the �rm�s marginal q greater than or equal to a given
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value. This follows since in each period of time the amount of investment is
limited by the �rm�s borrowing capabilities.
The paper shows that in the presence of �nancial constraints the �rm�s mar-
ginal q is de�ned as the sum of the �rm�s expectations about future pro�tabil-
ity and of an external �nance premium representing the �rm�s expectations
about future credit conditions. With �nancial market imperfections in each
time period the �rm�s marginal q is greater than in the case of perfect �nan-
cial markets because additional marginal additions to the physical capital
stock make additional marginal investment possible in periods when the �-
nancial constraints are binding.
The papers presents also some results concerning the relation between the
�rm�s �nancial structure and the shadow price of �rm�s debt and shows
that in the presence of �nancial market imperfections the shadow price of
�rm�s debt is the sum of a term representing the interest payments on each
marginal unit of debt and of a provision for external �nance. The shadow
cost of �rm�s debt is greater than in the case of perfect �nancial markets
and the �rm�s �nancial structure has an e¤ect on �rm�s investment since
additional marginal units of debt are followed by greater interest payments
and therefore imply lower levels of investment when the �nancial constraints
are binding.
These results suggests several directions for further research, we note �rst
that credit constraints have been modeled in a highly stylized way, assuming
a constant borrowing rate and imposing an upper bound on the amount of
debt that the �rm can issue in each time period. It might therefore be inter-
esting to analyze the consequences of alternative assumptions, the borrowing
rate for example could be modeled as a function of the �rm�s borrowing
position, as it has previously been done in studies of the consumption func-
tion. In this �eld, it would be moreover particularly interesting to study the
behavioral foundations of �nancial markets imperfections. In addition, the
relation between �rm�s �nancial structure and investment should be analyzed
further.
The results presented in the paper are also interesting for their implications
for the econometric analysis of the investment function, since previous em-
pirical studies have fallen short of analyzing the e¤ects of credit constraints
on �rm�s investment. We note in particular that in the past a widely used
approach in this context has been to study the sensitivity of estimates of
the response of �rm�s investment to cash �ow to di¤erent �nancial condi-
tions. Following the work of Fazzari, Hubbard and Petersen (1988), in sev-
eral studies an excess sensitivity of �rm�s investment to cash-�ow was taken
as evidence of increasing �nancial constraints. The main �ndings of this
literature however have been questioned in a recent study by Kaplan and
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Zingales (1997) were it is claimed that the theory does not make predictions
concerning the sensitivity of the slope of the investment cash-�ow relation to
di¤erences in �nancial constraints. Reviewing previous empirical work these
authors also �nd that the response of �rm�s investment to cash-�ow actually
appears to be lower for �nancially constrained �rms.
The �ndings presented in the paper provide some support for these results,
in particular since investment is characterized by an upper bound in the
presence of �nancial constraints, the slope of the relation between �rm�s in-
vestment and marginal q is lower than or equal to the slope that prevails in
the case of perfect �nancial markets and therefore, as long as �rm�s cash-�ow
can be taken as a measure of the �rm�s marginal q, the same result should
hold for the relation between cash-�ow and investment. Moreover, the analy-
sis in the paper suggests that in order to measure accurately the relationship
between �rm�s investment and credit constraints one should construct mea-
sures of expected future credit conditions at the �rm�s level and use them in
regressions of �rm�s investment on marginal q.
Finally, we note that the paper presents results that allow to express the
�rm�s marginal q in the traditional form of a Euler equation, the credit
constraints in this case show up as a premium on the marginal user cost of
physical capital which we call external �nance premium. Following previous
studies an interesting �eld of research would thus be to estimate versions of
the Euler equation that allow to identify the di¤erent structural components
of the model and in particular the contributions �nancial constraints to the
user cost of capital.

20



Figures
Fig. 4.1

THE FIRM�S INVESTMENT FUNCTION
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Note: The bold line depicts the �rm�s investment function I(q)
as a function of Tobin�s marginal q. The point A shows the
value eq that makes the �rm indi¤erent between investing and
not investing. The point B shows the value q that makes �rm�s
investment equal to the upper bound I. The dashed line depicts
the �rm�s investment function for the case of perfect �nancial
markets and convex costs of physical capital adjustment (a0 = 0).



Fig. 4.2
THE FIRM�S VALUE FUNCTION
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Note: The bold line depicts the �rm�s value function H(q) as a
function of Tobin�s marginal q. The point A shows the value eq
that makes the �rm indi¤erent between investing and not invest-
ing. The point B shows the value q that makes �rm�s investment
equal to the upper bound I. The dashed line depicts the �rm�s
value function for the case of perfect �nancial markets.



Fig. 4.3
THE I-N LOCUS
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Note: Each level curve corresponds to a di¤erent level of the
�rm�s physical capital stock or of the stochastic state variable or
of the �rm�s debt stock.



A Proofs of propositions

We provide here some additional mathematical details for the results stated
in the paper as well as formal proofs of the main propositions, limiting the
analysis to the statements that have not received already a formal analysis
in the main text. In order to provide some preliminary results we begin with
the analysis of the �rm�s optimization problem de�ned in equations (3.1) and
(3.2).
Following the analysis already introduced in section 3 consider the value
function Ht = �c(It; Kt) + qtIt + (1 + q

B
t )Nt, where qt = VK(Kt; Bt; "t)

represents the shadow price of the physical capital stock at time t and qBt =
VB(Kt; Bt; "t) the shadow price of �rm�s debt at time t, and note that the
�rm�s optimization problem at time t can be rewritten as:

H(qt) = max
It;Nt

�
�c(It; Kt) + qtIt + (1 + q

B
t )Nt

�
(A.1)

where the maximization is subject to the �nancial constraint on new debt
issue (2.5) and to the cash-�ow constraint (2.6).
The structure of the optimization problem implies that the optimal values for
investment It and new debt issue Nt are de�ned as functions of the shadow
price of capital qt, this in turn implies that the �rm value function is also
de�ned as a function of qt. In (A.1) we do not consider explicitly the depen-
dence of the value function on the shadow price of �rm�s debt qBt and on the
�nancial constraints only for simplicity of notation, we clarify however these
dependences during the course of the analysis.
The presence of �xed costs of adjustment imply that the �rm�s optimization
problem must be decomposed in two stages, the decision on whether or not
to invest and incur in the �xed cost of physical capital adjustment and the
decision on the optimal amount of investment. In order to describe the solu-
tion of the problem we begin with the analysis of the second stage, assuming
therefore that a decision to invest has been made.
De�ne with �1 = @H(qt)=@N the Lagrange multiplier relating to the con-
straint on new debt issue and with �2 = @H(qt)=@' the Lagrange multiplier
relating to the cash-�ow constraint, where ' = 0 represents the level of the
cash-�ow constraint. The structure of the �rm�s optimization problem im-
plies that that �1 = 0 when the constraint on new debt issue is not binding
and that �2 = 0 when the cash-�ow constraint is not binding. There are how-
ever only two cases of interest, the case when both constraints are binding
and the case when both are not binding.
In order to characterize the relation between the multipliers �1 and �2 we note
that when both the �nancial constraints are binding, loosening the constraint
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on new debt issue entails two marginal e¤ects, an increase in new debt issue
and an increase in investment that is allowed by the additional marginal cash-
�ow made available by new debt issue. Loosening the cash-�ow constraint
instead, entails at the margin only an increase in investment, therefore the
di¤erence �1 � �2 between the new debt issue multiplier and the cash-�ow
multiplier must re�ect only the e¤ect of the increase in new debt issue.

Lemma A.1 : The di¤erence between the multiplier of the constraint on new
debt issue �1 = @H(qt)=@N and the multiplier of the cash-�ow constraint
�2 = @H(qt)=@', where ' = 0 is the level of the cash-�ow constraint is
@H(qt)=@N � @H(qt)=@' = 1 + qBt � 1 � qt=cI(It; Kt) here I is the upper
bound of investment that is achieved by the �rm at time t when the �nancial
constraints are binding.

Proof : Consider �rst that when the �nancial constraints are not binding �1 =
�2 = 0 and therefore this is not the relevant case. When the �nancial con-
straints are binding insteadNt = N and �(Kt; "t)�c(I;Kt)�rBt+N = 0 such
that both investment and new debt issue are at an upper bound, this follows
since the adjustment cost function is an increasing function of investment.
Di¤erentiating the cash-�ow constraint with respect to investment I and new
debt issue N it is straightforward to show that @I=@N = 1=cI(I;Kt) � 0.
Di¤erentiating the value function with respect to new debt issue N it is
then easy to show that:

@H(qt)

@N
= qBt +

qt

cI(I;Kt)
(A.2)

Now rewrite the cash-�ow constraint as ��(Kt; "t)+ c(I;Kt)+ rBt�N = '
for ' = 0, such that an increase in ' entails a relaxation of the constraint.
Note then that di¤erentiation of the constraint with respect to investment
I and the cash-�ow constraint level ' shows that @I=@' = 1=cI(I;Kt) � 0.
Di¤erentiating the value function with respect to cash-�ow ' it is then easy
to show that:

@H(qt)

@'
= �1 + qt

cI(I;Kt)
(A.3)

The result then follows combining equations (A.2) and (A.3) with the �rst
order conditions of the optimization problem.

The results established in Lemma 4.1 and in equations (A.2) and (A.3) allow
for a complete characterization of the second stage of the �rm�s optimization
problem. We can therefore turn to the analysis of the �rst stage and of the
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properties of the �rm�s investment function and of the �rm�s value function
summarized in Propositions 4.1 and Propositions 4.2.

Proof of Proposition 4.1 : The proof of this proposition is already largely
developed in section 4, we provide here however some additional results that
allow to clarify the main argument and to describe more precisely the prop-
erties of the investment function. Consider �rst the shape of the invest-
ment function de�ned in (4.1), and recall that it is obtained by equating the
shadow price of capital to the marginal cost of �rm�s investment. This in
turn implies that the equality qt = cI(I(qt); Kt) holds as an identity in the
relevant range of the shadow price of capital qt. Di¤erentiating this identity
with respect to the shadow price of physical capital qt we can show that
Iq(qt) = 1=cII(I(qt); Kt). We can further di¤erentiate this equality with re-
spect to qt to show that Iqq(qt) = �cIII(I(qt); Kt)=cII(I(qt); Kt)

3. We note
that since the adjustment cost function is increasing and convex Iq(qt) � 0 so
that the function I(qt) de�ned in equation (4.1) is increasing in the shadow
price of physical capital qt. The curvature of the investment function instead
is shown to depend on the third derivative of the adjustment cost function,
such that for cIII(I(qt); Kt) � 0 the investment function is concave in qt or
Iqq(qt) � 0 and conversely for cIII(I(qt); Kt) � 0 the investment function is
convex in qt or Iqq(qt) � 0, formally:

sign(Iqq(qt)) = �sign(cIII(I(qt); Kt) (A.4)

The �rst part of the proposition states that there exist in each time period
a value eq such that for qt � eq at the �rst stage the �rm decides not to
invest so that I(qt) = 0 identically, while for qt � eq the investment function
takes the form of equation (4.1) as long as the �nancial constraints are not
binding and I(qt) � 0. The existence of such a value for the shadow price of
physical capital depends on the properties of the value functionH(qt) de�ned
in equation (4.2). Since this function is increasing and continuous and given
its limiting behavior as qt converges to 0 from above, we just need to assume
that there exist two values q0 < q00 of the shadow price of capital such that
H(q0) < 0 andH(q00) > 0. Then sinceH(qt) is a continuous function it follows
by the intermediate value theorem there exists a value eq such that q0 < eq < q00
and H(eq) = 0. We note that the de�nition of the value function given in
equation (4.2) implies that this value eq of the shadow price of capital is a �xed
point of the function de�ned by the average physical capital adjustment cost
c(I(qt); Kt)=I(qt). Since in the equilibrium de�ned by the second stage of the
�rm�s optimization problem, when the �nancial constraints are not binding
the shadow price of capital is equal to the marginal cost of investment and
therefore the equality qt = cI(I(qt); Kt) holds as an identity, for qt � eq the
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marginal cost of investment is lower than or equal to the average cost of
investment or cI(I(qt); Kt) � c(I(qt); Kt)=I(qt) and for qt � eq the marginal
cost of investment is greater than or equal to the average cost of investment
or cI(I(qt); Kt) � c(I(qt); Kt)=I(qt).

Proof of Proposition 4.2 : Follows along the same lines as the proof of Propo-
sition 4.1.
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